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Abstract

Introduction

Parallel optimization approaches which exploit
only a single type of parallelism (e.g., a single simulation instance executes in parallel or an optimization
algorithm manages concurrent serial analyses) have
clear performance limitations that prevent effective scaling with the thousands of processors available in massively parallel (MP) supercomputers. This motivated the
development of a two-level parallelism capability in
which concurrent instances of multiprocessor simulations are coordinated. The most effective processor partitioning scheme in this case is the one that limits the
size of parallel simulations in favor of concurrent execution of multiple simulations. That is, if both coarsegrained and fine-grained parallelism can be exploited,
then preference should be given to the coarse-grained
parallelism.
In this paper, two-level parallelism results are
extended to the case of an arbitrary number of levels in
order to maximize coarse-grained concurrency and
achieve improved scaling on MP computers. An
extended mathematical analysis results in recommended
processor partitioning schemes which maximize parallel
work, thereby minimizing efficiency losses due to communication and scheduling. Experimental validation of
these results is presented for up to four nested levels of
parallelism. While the two-level result is simple and
intuitive, the multilevel recommendations for selecting
coarse-grained concurrency among multiple levels can
vary depending on scheduling approach and simulation
duration heterogeneity.

Parallel computers within the Department of
Energy national laboratories have exceeded three trillion
floating point operations per second (3 TeraFLOPS,
theoretical peak) and are expected to achieve 100
TeraFLOPS by 2004. This performance is achieved
through the use of massively parallel processing (O[103104] processors). In order to harness the power of these
machines for performing design, parallel optimization
approaches are needed which are scalable on thousands
of processors. To better understand the possibilities, it is
instructive to first categorize the opportunities for
exploiting parallelism in optimization into four main
areas [1] consisting of coarse-grained and fine-grained
parallelism opportunities within algorithms and their
function evaluations:
• Algorithmic coarse-grained parallelism: This parallelism involves the concurrent execution of multiple
independent function evaluations, where a function
evaluation is defined as a data request from an algorithm (which may involve multiple objective and constraint evaluations). This parallelism can be exploited
in gradient-based algorithms (e.g., finite differencing,
speculative optimization), nongradient-based algorithms (e.g., genetic algorithms, parallel direct
search), and approximate methods (e.g., design of
computer experiments for building response surfaces). This concept can also be extended to the concurrent execution of multiple “iterators” (e.g.,
optimization, uncertainty quantification) within a
“strategy” (e.g., branch and bound, optimization
under uncertainty, collaborative/concurrent subspace
formulations for MDO [2]).
• Algorithmic fine-grained parallelism: This involves
computing the basic computational steps of an optimization algorithm (i.e., the internal linear algebra) in
parallel. This is primarily of interest in large-scale
optimization problems and simultaneous analysis and
design (SAND) [3].
• Function evaluation coarse-grained parallelism: This
involves concurrent computation of separable parts of
a single function evaluation. This parallelism can be
exploited when the evaluation of objective and constraint functions requires multiple independent simulations (e.g. multiple loading or operational
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environments) or multiple dependent analyses where
the coupling is applied at the optimizer level (e.g., the
individual discipline feasible formulation [4]).
• Function evaluation fine-grained parallelism: This
involves parallelization of the solution steps within a
single analysis code. Sandia has developed MP codes
in the areas of nonlinear mechanics, structural dynamics, chemically-reacting flows, thermal mechanics,
shock physics, and many others.

optimizations, respectively.
If multiple types of parallelism can be exploited, the
question arises: how should the amount of parallelism at
each level be selected so as to maximize the overall
efficiency of the study? For two levels of parallelism, the
relative parallel efficiency Ê of a two-level parallel
optimizer on p processors, as a function of the size p' of
multiprocessor simulations within p, is:
C
Ê ( p' ) ≅ ------------------ for some constant C > 0
p'T ( p' )

For similar classifications of parallelism sources in
optimization, refer to [5] and [6]. By definition, coarsegrained parallelism requires very little inter-processor
communication and is therefore “embarrassingly
parallel,” meaning that there is little loss in parallel
efficiency due to communication as the number of
processors increases. However, it is often the case that
there are not enough separable computations on each
optimization cycle to utilize the thousands of processors
available on MP machines. This limitation was shown in
a parallel coordinate pattern search optimization in
which the maximum speedup exploiting only coarsegrained algorithmic parallelism was shown to be
severely limited by the size of the design problem [7]
(coordinate pattern search has at most 2n independent
evaluations per cycle for n design variables).
Fine-grained parallelism, on the other hand,
involves much more communication among processors
and care must be taken to avoid the case of inefficient
machine utilization in which the communication
demands among processors outstrip the amount of
actual computational work to be performed. This
limitation was illustrated for a chemically-reacting flow
simulation of fixed size in which it is shown that, while
simulation run time does monotonically decrease with
increasing number of processors, the relative parallel
efficiency Ê of the computation for fixed model size is
decreasing rapidly [1] (from Ê = 0.87 at 64 processors to
Ê = 0.39 at 512 processors). This is due to the fact that
the total amount of computation is approximately fixed,
whereas the communication demands are increasing
rapidly with increasing numbers of processors.
Therefore, there is an effective limit on the number of
processors that can be employed for fine-grained
parallel simulation of a particular model size, and only
for extreme model sizes (“heroic-scale”) can thousands
of processors be efficiently utilized in optimization
exploiting fine-grained parallelism alone.
These limitations point us to the exploitation of
multiple levels of parallelism, in particular the
combination of coarse-grained and fine-grained
approaches. This concept is not without precedent. Two
and three level parallel implementations are described in
[8] and [9] for chemically reacting flow and aeroelastic

where T ( p' ) is the time required to run a multiprocessor
simulation [1]. For sublinear analysis speedup (the predominating case), the denominator is monotonically
increasing with p' and Ê ( p' ) is maximized at
p' = p' min , where p' min is the minimum number of processors on which a parallel simulation can execute.
Therefore, the size of fine-grained parallel simulations is
to be minimized by exploiting as much coarse-grained
parallelism as possible. Important practical considerations and caveats are discussed in [10]. Computational
evidence for this conclusion is provided in [1] by demonstrating minimum run time for p' = p' min on clusters
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of workstations for the case of a simple test simulator.
A simplified depiction of the effect on scalability is
given in Figure 1 in which the limitations of single-level
parallelism are shown along with the effect of combining the approaches into multilevel parallelism. By minimizing p' , we move as far back on the fine-grained
parallelism curve as possible, into the near-linear scaling range. And then we replicate this fine-grained parallel performance with multiple coarse-grained instances.
multilevel parallel:
algorithmic coarsegrained & fn. eval.
fine-grained

algorithmic
coarsegrained
only

fn. evaluation
fine-grained only

Processors

Figure 1. Scalability for fixed model size.
These insights lead naturally to the desire to maximize the available coarse-grained instances, since this
allows the replication of yet more linear fine-grained
parallel performance and therefore improved overall
scaling. We seek to maximize concurrency in this way
through the nesting of multiple parallelism levels. The
following sections present an extended analysis for an
arbitrary number of levels, followed by implementation,
computational experiments, and concluding discussion.
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Implementation

Level 3. Concurrent analyses within each function
evaluation: coarse-grained parallelism is exploited
when multiple separable simulations are performed
as part of evaluating the objective function(s) and
constraints.
Level 4. Multiple processors for each analysis: finegrained parallelism is exploited when parallel analysis codes are available. For this level, no scheduling by DAKOTA is required as the simulation code
is responsible for internally distributing work
among the simulation processors.
In terms of the classification of parallelism sources
given in the Introduction, Levels 1 and 2 are examples
of algorithmic coarse-grained parallelism, Level 3 is
function evaluation coarse-grained parallelism, Level 4
is function evaluation fine-grained parallelism, and algorithmic fine-grained parallelism is not supported in
DAKOTA (the SAND approach is under investigation
separately). It is relatively rare for any given application
to be able to exploit all four levels; rather each new
application selects as many as are applicable from the
toolset.
This marks a significant increase in available concurrency from the two-level capability reported in [1] to
the four levels currently available. It is important to recognize that the effect on concurrency is not additive, but
rather multiplicative in nature. For example, if four concurrent optimizations can be run within a strategy, each
optimization having ten independent function evaluations on each cycle, and each function evaluation having
three independent analyses, then the fine-grained parallelism available in the analysis can be augmented with
120-fold coarse-grained parallelism.

In order to maximize concurrency and achieve nearlinear scaling, we seek the simultaneous exploitation of
many different sources of parallelism by modularizing
the parallelism facilities into a reusable software component and then nesting these facilities, one level within
the next, through recursive partitioning. MPI [11] provides a convenient mechanism for modularizing parallelism through the use of “communicators.” A
communicator defines the context of processors over
which a message passing communication occurs. By
providing mechanisms for subdividing existing communicators into new partitions and for sending messages
within and between the new partitions, a lower level of
parallelism can be created and managed with a new set
of subdivided communicators. And since each new communicator can be further subdivided, multiple levels of
parallelism can be nested, one within the other. In this
way, massive parallelism can be achieved through the
simultaneous exploitation of algorithmic coarsegrained, function evaluation coarse-grained, and function evaluation fine-grained parallelism sources.
The DAKOTA toolkit [12] is a software framework
for systems analysis, encompassing optimization,
parameter estimation, uncertainty quantification, design
of computer experiments, and sensitivity analysis. It
interfaces with a variety of simulation codes from a
range of engineering disciplines, and it manages the
complexities of a broad suite of capabilities through the
use of object-oriented abstraction, class hierarchies, and
polymorphism [13]. Through implementation in
DAKOTA, the impact of investments in parallel code
development can be maximized since capabilities developed for optimization also enable parallelism in uncertainty quantification, parameter estimation, and other
toolbox capabilities.

Partitioning of levels
In DAKOTA, each tier within the nested parallelism
hierarchy can use either of two processor partitioning
models: a “dedicated master” partitioning in which a
single processor is dedicated to scheduling operations
and the remaining processors are split into server partitions, or a “peer partition” approach in which the loss of
a processor to scheduling is avoided. These models are
depicted in Figure 2. The peer partition is desirable
since it utilizes all processors for computation; however,
it requires either the use of sophisticated mechanisms
for distributed scheduling or a problem for which static
scheduling of concurrent work performs well (see
Scheduling within levels below). To recursively partition
the subcommunicators of Figure 2, COMM1/2/3 in the
dedicated master or peer partition case would be further
subdivided using the appropriate partitioning model for
the next lower level of parallelism.

Levels of parallelism
While the theory in this paper covers an arbitrary
number of parallelism levels, DAKOTA currently supports up to four levels of nested parallelism (which
implies three levels of scheduling control). From top to
bottom, they are as follows:
Level 1. Concurrent iterator strategies: coarse-grained
parallelism is realized through the concurrent execution of multiple optimizations/quantifications
within a high-level strategy such as parallel branch
and bound, optimization under uncertainty, multistart local search, island-model GAs, etc.
Level 2. Concurrent function evaluations within each
iterator: coarse-grained parallelism is realized
through the concurrent execution of multiple function evaluations within each optimization.
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COMM0

initial COMM
(e.g., MPI_COMM_WORLD)

Split

a single master) or for fault tolerance (avoiding a single point of failure). However, it involves relatively
complicated logic and additional communication for
queue status and job migration, and its performance is
not always superior since a partition can become
work-starved if its peers are locked in computation
(Note: this logic can be somewhat simplified if a separate thread can be created for communication and
migration of jobs).
DAKOTA is designed to allow the freedom to configure
each parallelism level with either dedicated master/selfscheduling, peer partition/static scheduling, or peer partition/distributed scheduling. For example, Figure 3
shows the common case in which a concurrent-optimizer strategy employs peer partition/distributed scheduling at level 1, each optimizer partition employs
concurrent function evaluations in a dedicated master/
self-scheduling model at level 2, and each function evaluation partition employs concurrent multiprocessor
analyses in a peer partition/static scheduling model at
level 3. In this case, MPI_COMM_WORLD is subdivided
into optCOMM1/2/3/.../τ1, each optCOMM is further
subdivided
into
evalCOMM0
(master)
and
evalCOMM1/2/3/.../τ2 (slaves), and each slave evalCOMM is further subdivided into analCOMM1/2/3/.../τ3.

Master

COMM1

COMM2

COMM3

Slave

Slave

Slave

(a) Dedicated Master
COMM1
Peer

initial COMM
(e.g., MPI_COMM_WORLD)

Split
COMM2

COMM3

Peer

Peer

(b) Peer Partition

Figure 2. Communicator partitioning models.
Scheduling within levels
Several scheduling approaches are available within
Levels 1, 2, and 3:
• Self-scheduling: in the dedicated master model, the
master processor manages a single processing queue
and maintains a prescribed number of jobs (usually
one) active on each slave. Once a slave server has
completed a job and returned its results, the master
assigns the next job to this slave. Thus, the slaves
themselves determine the schedule through their job
completion speed. Heterogeneous processor speeds
and/or job lengths are naturally handled, provided
there are sufficient instances scheduled through the
servers to balance the variation.
• Static scheduling: if scheduling is statically determined at start-up, then no master processor is needed
to direct traffic and a peer partitioning approach is
applicable. If the static schedule is a good one (ideal
conditions), then this approach will have superior performance. However, heterogeneity, when not known a
priori, can very quickly degrade performance since
there is no mechanism to adapt.
• Distributed scheduling: in this approach, a peer partition is used and each peer maintains a separate queue
of pending jobs. When one peer’s queue is smaller
than the other queues, it requests work from its peers
(hopefully prior to idleness). In this way, it can adapt
to heterogeneous conditions, provided there are sufficient instances to balance the variation. Each partition
performs communication between computations, so
no processors are dedicated to scheduling. Furthermore, it distributes scheduling load beyond a single
processor, which can be important for large numbers
of concurrent jobs (whose scheduling might overload

Level 2

Level 1
MPI_COMM_WORLD

optCOMM’s:
1

2

optCOMM3

evalCOMM3

evalCOMM’s:

analCOMM’s:

0

3
1

...

Level 3

1
2

τ1
...

2

3

...

τ3

3

τ2

Figure 3. Recursive partitioning for nested parallelism.

Experiments
Two types of computational experiments are of
interest:
Investigation of usage models: The mechanisms used to
manage concurrent multiprocessor simulations on
MP computers are of high importance. These studies compare nonintrusive approaches (asynch, master-slave, and hybrid) with the goal of
approximating the performance of the direct, intrusive approach.
Investigation of partitioning schemes: The τi recom-
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mendations from the mathematical analysis will be
demonstrated by fixing the total processor allocation (p), varying τi within p, and measuring relative
performance.

single-proc.
DAKOTA

Usage model computational experiments
Usage model studies are being explored on Sandia’s
computational plant (CplantTM) architecture [14], a
tightly-connected cluster of DEC alphas running
LINUX [15]. This computer, as well as all other Sandia
MP computers, uses a service/compute node distinction.
Service nodes run full UNIX and are used for job initiation and management. Compute nodes run a minimal
operating system (no system calls, forks, or multithreading) whose small footprint leaves as much memory as
possible for the application. In this environment, the
most computationally efficient way to perform parallel
optimization using simulation codes in a nested analysis
and design (NAND) approach is to perform a “direct”
interface which links the simulation into the optimization software. The combined executable is then executed
on the compute nodes where it employs MPI communicator partitions to manage embedded multiprocessor
simulations. Unfortunately, this approach is often
impractical due to the required intrusiveness into the
simulation code (modification to a callable subroutine
and MPI communicator modularity required). For this
reason, these studies are benchmarking nonintrusive
interfacing techniques (no simulation modifications
required) which have the goal of approximating the performance of the direct interface. This involves the combined usage of service nodes, where the parallel
optimization executes, and compute nodes, where the
parallel simulations execute.
Three nonintrusive approaches have been explored
on Cplant (Figure 4). In all cases, DAKOTA runs on one
or more service nodes and launches simulations on the
compute nodes using a job initiation utility. The first
approach, called “asynch,” involves the execution of
DAKOTA on a single service-node processor. DAKOTA
uses its asynchronous job initiation (e.g., background
system call, nonblocking fork) to manage multiple concurrent jobs. The second approach, called “masterslave,” involves the execution of DAKOTA in parallel
across multiple service-node processors. Each slave service node uses a synchronous job initiation method
(foreground system call, blocking fork) to manage a single job per service node. The third approach, called
“hybrid,” combines the first two approaches in managing multiple asynchronous jobs on each slave service
node. This latter approach was motivated by the observation that spreading application load across service
nodes is beneficial, but the concurrency achievable in

job1 & job2 &

job3 & job4 &

(a) asynch
master
slave

job1

slave

slave

slave

job2

job3

job4

(b) master-slave
master
slave

slave

slave

slave

jobs &

jobs &

jobs &

jobs &

(c) hybrid

Figure 4. Nonintrusive DAKOTA options.
the master-slave approach is limited by the (relatively
small) number of service nodes. The hybrid approach
spreads the application load and still allows significant
capacity beyond the number of service nodes.
In a design application employing the ALEGRA
simulation code, Figure 5 shows the timing for the
asynch, master-slave, and hybrid approaches for
increasing number of concurrent ALEGRA simulations.
Each simulation writes data to a disk local to the service
node launching the simulation. Ideally, these curves
would all have zero slope since the simulations are the
same size and run concurrently. However, competition
for service node resources has a detrimental effect, and
23

22

21
asynch
asynch (raid)

Time (min)

20

hybrid
19

18

17
master−slave
16

15

0

5

10

15
Concurrent Simulations

20

25

Figure 5. Cplant execution times for serial ALEGRA
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30

spreading the load across multiple service nodes is
clearly beneficial. It is evident that the hybrid method
provides a natural continuation of the master-slave
approach and provides superior performance for larger
numbers of concurrent jobs.

shows efficiency results from the simulator for fixing the
total number of processors at 128 plus masters
(including a varying number of masters within a fixed
total would cause heterogeneous partitions within a
level and would not be done in practice), fixing
maximum concurrencies at n1=1 and n2=n3=32, setting
p' k to 4, 8, and 16 processors per simulation

Partitioning scheme computational experiments
Given a high performing usage model, the
partitioning schemes recommended by the mathematical
analysis can be explored. Since performing large-scale
verifications is extremely expensive and must have
strong mission ties to be justified, a run time simulator
has been developed to compare the numerous τi
configurations that are possible when four levels of
parallelism are considered. The simulator is based on
the equation for T(p). Wall clock time required for a
multiprocessor analysis code (Tk( p' k )) is modeled using

(corresponding to 32, 16, and 8 total concurrency in
simulations, respectively), and varying the lowest level
concurrency τ 3 . In all cases, any of the total
concurrency not present in τ 3 appears in τ 2 such that
the product is constant for each curve. It is evident for
the self-scheduling case (Figure 6(a)) that highest
efficiencies are achieved for minimum simulation size
(4 processors) and for maximized concurrency at the
lowest level (32 instances), since this equates to fewer
processors dedicated to scheduling (3 masters for the τ1/
τ2/τ3 = 1/1/32 configuration versus 34 masters for the 1/
32/1 configuration). For the static scheduling case
(Figure 6(b)), highest efficiencies are again achieved for
minimum simulation size, but the concurrencies
between τ 2 and τ 3 are interchangeable. Thus, the

experimental data from a series of MP structural
dynamics simulations, and since this time dominates in
practice, Tiserial and Ticomm are taken to be zero. Figure 6
1.1

4 processors/simulation

1

recommendations from the mathematical analysis hold
exactly in the deterministic simulation duration case.
However, Figure 7 shows a different trend for a
stochastic case in which a 10% variation is added to the
simulation duration using an exponential distribution.
This is motivated by the fact that some applications can
have considerable variability in simulation duration,
particularly when the event of interest is dependent on
the design variables (e.g., see heat transfer and nonlinear
mechanics applications in [16]). For each configuration,
1000 experiments are run with different random seeds
and the results are averaged. It is evident that variation
in simulation duration is most detrimental to efficiency
at the higher τ 3 concurrencies, which is intuitive since

0.9
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(a) self-scheduling
1.1
4 processors/simulation

this equates to fewer passes through the servers (lower
γ 3 ) and fewer opportunities to balance heterogeneity in

1

0.9

job length. Thus, a trade-off between minimizing
masters and the need to balance heterogeneity is created
in the self-scheduling case (Figure 7(a)) and efficiency
is actually maximized in the interior of the curves.
Additional experimentation has found that the slope in
the large τ 3 region transitions between positive slope

8 processors/simulation

relative efficency

0.8

0.7

0.6

(e.g., Figure 6(a)) and negative slope (e.g., Figure 7(a))
at 1% variability in simulation duration. This can be
considered to be the boundary of validity of the
assumptions in the theoretical analysis for this problem.
In the static scheduling case (Figure 7(b)),
concurrencies are no longer interchangeable and
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(b) static scheduling
Figure 6. Deterministic simulation duration
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Figure 8. Large-scale, self-scheduling, stochastic duration
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Figure 9. Large-scale, self-scheduling, stochastic
duration for fixed values of τ1

Figure 7. Stochastic simulation duration

shown with curves drawn for fixed values of τ1. It is evident that maximum efficiency occurs for τ1/τ2/τ3 = 8/4/
1, or maximized concurrencies at the higher levels (the
exact opposite of the theory prediction). This configuration results in less replication of the idleness caused by
heterogeneity.

maximizing γ 3 instead of τ 3 is preferred. Presumably,
with any variability in simulation duration, this static
scheduling conclusion would hold.
Figure 8 shows a large-scale case with an identical
set-up to Figure 7(a) except that 128, 256, and 512
processors per simulation are used instead of 4, 8, and
16. This corresponds to a total of 4096 processors plus
masters. In this case, the effect of a variable number of
masters can be seen to be much lower relative to Figure
7(a). That is, large simulation sizes can mask variations
in the number of masters, making this concern
secondary to the concern of balancing heterogeneity.
Figure 9 shows another large-scale, self-scheduling,
stochastic duration case in which the size of p' k is fixed

Conclusions
Parallel optimization on large numbers of processors has been investigated. Nested parallelism is
employed to maximize the number of coarse-grained
instances, which allows the execution of fine-grained
parallel simulations on minimal partitions where computation could far predominate over communication.
This preference of coarse-grained over fine-grained has
been consistently verified in computational experiments.
A more subtle point is preference among different
sources of coarse-grained parallelism. Theoretical analysis has shown the optimal partitioning schemes in mul-

at 128 processors per simulation, p is fixed at 4096 (32
total simulation concurrencies) plus masters, and maximum concurrencies are fixed at n1=n2=n3=8. All combinations of τ1/τ2/τ3 resulting in 32 concurrencies are
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tilevel optimization algorithms for idealized selfscheduling and static scheduling cases. In the selfscheduling case, it is recommended to give preference to
the lower level concurrencies since this minimizes the
number of processors lost to scheduling operations. In
the static scheduling case, it is shown that little difference exists between the scheduling levels and that their
concurrencies may be interchangeable. These recommendations were verified in computational experiments
for the case where simulation duration is fixed. With
variability in simulation duration, however, the simplifying assumptions in the analysis become violated, and the
need to balance heterogeneity (whether due to simulation length, processor speed, or other factors) can
become more of a dominant concern than minimizing
the number of scheduling processors. In this case, the
opposite recommendations hold, that is, maximizing
concurrencies at the higher levels.
Future extensions to the mathematical analysis will
focus on the issue of simulation duration heterogeneity,
since this has been shown to be a dominant concern for
large scale applications. Future DAKOTA development
will seek to minimize efficiency losses due to replicated
scheduling processors by emphasizing static and
distributed scheduling approaches over self-scheduling
approaches, particularly at the lower parallelism levels
where dedicated scheduling processors are most
replicated. This will allow DAKOTA partitioning logic
to fully endorse maximized concurrency at the higher
levels and lead to high performing configurations which
are robust in the presence of heterogeneity.
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