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Abstract

Threeyearsof large-scalePDE-constraineadptimization researchanddevelopmentare sum-
marizedin this report. We have developedan optimizationframework for 3 levels of SAND op-
timization and develgped a powerful PDE prototyping tool. The optimization algorithns have
beeninterfacedandtestedon CVD problemsusinga chemicallyreactingfluid flow simulatorre-
sulting in an order of magnitudereductionin computetime over a black box method. Sandias
simulation environmentis reviewed by characterizingeachdiscipline andidentifying a possible
targetlevel of optimizaton. BecauseSAND algorithmsare difficult to teston actualproduction
codes,a symholic simulabr (Sundanceas developed andinterfacedwith a reduced-spacse-
guentialquadratigorogrammiig framework (rSQP++)to provide a PDE prototypng environment.
The power of Sundance/rSQP+is demongtatedby applyingoptimizationto a seriesof different
PDE-basedroblems. In addition, we shav the meritsof SAND methodsby comparingseven
levels of optimizatian for a source-inersian problemusingSundanceandrSQP++. Algorithmic
resultsarediscussedor hierarchicalcontrol method. The designof an interior point quadratic
programmingsolveris presented.
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Chapter 1

Intr oduction

This reportpresentshe resultsof a three-yearesearchprojectto investgatealgorithns andsoft-
warefor thesolutionof optimizationproblemsconstrainedy partialdifferentialequationgPDE).
We referto theseproblemsasPDE-constrainedptimizationproblemsor PDECO.Our emphasis
hasbeenon developing algorithns for large-scalgproblemsandthe useof parallelcomputers.

Severalexampksof PDECOareoptimalestimatiorof materialparameterggivenexperimental
dataanda physicalmodel; optimal designof a device givena simulata andthe definition of an
objective; nondestructie detectionof defects;anddeterminatia of the sourceof a contamirant,
givenaflow anddispersiormodel.All of theseproblemsexhibit large numberof stateanddesign
variablesandcanbe statedn thegeneraform

minimize f(y,u)
subj’e%tto: c(y,u) =0 (PDECO)
whereu is thesetof parameterso bedeterminedndy is thevectorof “state” variabledor the PDE
systenrepresentetly theconstraint(y, v) = 0. Theobjective functionmeasurethediscrepang
thatwe wishto reduceor, in otherproblemsthedesigncriteriawe wishto improve. In thisreport,
we concentraten equalityconstraintspur work on inequalityconstraintss lesswell developed.
We assumehat given ary value of the parametersy, we can computethe correspondingstate
variablesy.

Two generalapproachesor solving suchproblemsare available. Thefirst is to usean exist-
ing PDE solver for the constraintdo computey asa functionof © andevaluatef (y(u), u). This
approachreferredto asthe “black-box” approachis easyto usebecauseét requiresno modifica-
tion to anexisting PDE simulabr, but restrictsthe choiceof optimization algorithm to thosethat
are slowly convergentfor PDECOtype problems. Ideally, we would like to usea methodthat
convergesquickly to the optimum value, but rapid convergenceusuallyrequiresthe computatbn
of the gradientof the objective function f with respectto » . The computaibn of this gradient,
however, requiresheknowledge of the derivative of y(u) with respecto u andthisinformation is
notoftenavailablefrom mary traditioral PDE solvers.Furthermoreit is oftenextremelydifficult,
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if notimpossibleasa practicalmatter to modify the PDE solver to computethisinformation. For
theseandotherreasongdetailedin chapter?) black-boxmethodsaretypically restrictedo smaller
sizeproblemsjn particularsmalkr designspaces.

The secondpossilility is alreadysuggestedy the above discussionnamely to modify the
PDE solver to obtainthe neededgradient,sensitvity, andadjointinformation. The ability to do
this opensup a wide variety of more efficient optimization techniquesand providesthe tools to
addresanuchlarger problems. The demonstratiorof the power of this approachwasthe major
thrustof ourwork. Theconclusiorto draw is thatPDEandsimulationsoftwareshouldbedesigned
with optimizatian in mindto enablethis powerto be appliedto themary interestingandimportant
SNL problemsdescribedelov. Onefacetof our researcthasbeento developa PDE frameavork
thatgivesoptimizationalgorithmsunprecedentedontroloverthe PDE processes.

Black-boxmethodsarealsoreferral to asnestedanalysisanddesign(NAND) andcharacterize
the majority of currentSNL approachesThe ability to interfaceseamlesslyvith any simulaton
codeis anobviouskey strengthof the black-boxmethodsand,coupledwith arangeof algorithns
andframeworks,suchDAK OTA [37, 38, 39|, have beenableto solve complex engineeringlesign
problems.As notedabove, however, mary limitationsto this stratey remain,but the continued
existenceof PDE codesfor which gradientinformationis not availablehasspurredotherresearch
at SNL in patternsearchmethodsto try to improve the efficiency of thesesolvers for problems
wherethereareno otherchoiceq57].

Optimization method thatareableto obtaingradientadjoint,andsensitvity informationfrom
the PDE solver canoftenbe evenmoresuccessfuby notrequiringexactsoluion of the constraint
equationsateachiteration. Thisis especiallyimportantin problemsvherethe PDE constraintare
nonlinear In suchcasestheconstraintareonly completelysatisfiedn thelimit ascorvergenceto
the optimal parameterss achieved. Thusthis stratgy is calledsimutaneousanalysisanddesign
(SAND) [94] [83]. Thesemethodshave greatpotentialfor solving large PDECOproblems.There
are mary assumpbns associatedvith the applicationof SAND algorithmsto productionsimu-
lation codesandprobablythe mostobviousdisadwantages the implementatiorcostnecessaryo
equip PDE solverswith the necessaryacilities to computegradientinformation. Nevertheless,
PDECOmaybetheonly option to addressarge designspaces.

1.1 Stateof the Field

To put our work into contect, we briefly surwey the historical developmentand currentstateof
algorithnms andsoftwarefor PDECO.
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1.1.1 Algorithms and applications

Severalareasf researclthave motivatedthedevelopmentof PDEconstraineaptimization,includ-
ing shapeoptimizationin computatimal fluid dynamicq2] [8] [43] [44] [21] [22] materialinver

sionin geophygs [81] [82] [3], dataassimiation in regional weatherpredictionmodeling [124]

[74], structuraloptimization[86] [92] [93], andcontrol of chemicalprocesse§l7]. A complete
discussia of all theaforementionediscipinesis beyondthe scopeof thereport. Shapeoptimiza-

tion in computatimal fluid dynamicg CFD), however, hasarguablymadethe largestcontributions
towarddirectandadjointsensitvities, which is oneof theimportantpiecesof informationneeded
by SAND algorithns, andwe thereforeprovide a brief backgroundf somekey developrents.

In generalthe shapeoptimizationproblemfor CFD is extremelyexpensve sincethe standard
solution approachrequiresthe completesolutionof computatbnally expensve flow equationdor
eachoptimization iteration. Pironeaufirst studied derivatve-basedshapeoptimizaton usingthe
adjoint formulation for minimum drag for both Stokes and incompressil# Navier-Stokes flow
[90]. Jamesorappliedthe adjoint methodto shapeoptimizatian usingthe Euler equationg62].
Numerousresultshave since beenpublisted on shapeoptimization [79] [5] [6] [7] [14] [32],
includingcompressile Navier-Stokessimuationsshapeoptimizaton of threedimensonalwings
[75] . Differentsolution procedureshave beenattemptedo try to improve the corvergenceof
shapeoptimization algorithms A “one-shot-methodivasintroducedearly in the 1990 which
usedmulti-grid methodswvherethe optimizationandforward problemsweresolvedwith different
levelsof grid fidelity [114]. Typically, the optimization problemsweresolvedon coarsemeshes.
Thesamethod still requiredcompletecorvergenceof theflow codefor eachoptimizationiteration,
but could be consideredhe first attempttoward SAND methods. The resultwas a significant
reductionof the overall solutiontime.

SAND wasintroducedn the early eightiesandnineties[52] [94] [83] andhasdevelopedmo-
mentumasthe state-of-the-artnethodobgy for optimizaton of large-scalesimulaton problems.
Significantresultshave beengeneratedor SAND methodsin particularfor the serial case[2]
[61] [8] [43] [114] [12] [67]. Lessrapid advanceshave beenmadein the areaof parallel PDE-
constrainedptimizaton. The primary reasonfor this slow progresss that forward simulaton
codedevelopnent hasonly recentlyreacheda high level of maturity Combinedwith the con-
tinuing growth in computercapabilities,large-scalePDECOfor parallel applicationsis now an
importantareaof researcij44] [20] [21] [22]. Most paralleldevelopnents,however, involve spe-
cialty simulaton codesconnectedo tailoredoptimization methodstherebyavoiding someof the
interfacingissueghatareencounteredvith legag/ productioncodes.Oneof our primarygoalswas
to addresgheseinterfacingissuesandalthoughinterfacingremainsproblematt, we have made
significantprogressn our softwaretoolsandgeneraunderstandingf productionPDE simulators.

Transientsimulation posesyet anotherevel of difficulty to large-scalé®?DE-constraineopti-
mization. Oneof the main obstacless the efficient calculationof sensitvities in a time-steppig
scheméfor large designspaces.Several approachesanbe consideredpneof whichiis to utilize
sensitvity calculationsfor differentiablealgebraicequationg DAE) for reduced-gradientalcu-
lations. By corverting a PDE systemto DAES, variousmethods suchas multiple shooing, can
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usedto discretizein time [89] [46]. Eventhoughlarge DAE systemsanbe solved,thesemethods
arelimited to smallnumberof designparametersFor alarge numberof designvariables adjoint
sensitvity in transientsimulationshave beenconsideredut arenot efficient becausef the large
storagerequirements.This resultsfrom the needto integratebackward in time to calculatethe
adjoint vector which requiresstorageof the forward problems soluion at every time step[64]
[53]. A recentandmostpromising resultfrom Akcelik etal [3] demonstrated full spaceGauss-
Newton methodin which they efficiently solved a 2.1 million variableinversbon problemusing
thetransientwave equation.Finally, work in the areaof time decompodgion andcontrolalsohas
producedpromisng algorithrrs andresults[54].

1.1.2 Software

While progres$iasbeenmadein developingalgorithmsfor PDECO thespreadf thesealgorithirs
to productionsoftwarehasbeenslow becausef thetight couplingrequiredoetweeroptimizerand
PDE simulatian software. Althoughlittl e work hasbeendoneon software frameavorksfor PDE-
constrainedptimizationand,with the exceptionof the work presentedn this report,virtually no
work hasbeendoneon object-orientedramenorksfor PDECO,several attemptshave beenmade
to collect PDECOalgorithns in libraries (Veltiso and TRICE) [21] [22] [34]. An encouraging
trendis that optimization codesare startingto be written in termsof flexible linear algebrain-
terfacessuchas PETSc[9], the Equatian Solver Interface(ESI) [103], the Hilbert ClassLibrary
(HCL) [51], rSQP++[10], Trilinos[55] andthe Trilinos Solver Frameavork (TSF) [56]. Simi-
larly on the PDE simuation side,the stateof the art is evolving away from codesspecializedo a
particulardiscipine andtoward general-purpostramenorks suchasSIERRA andNevada[111].
Identifying theadditionalchangeso thedesignof bothoptimizationsoftwareandPDE simulators
thatwill berequiredfor theuseof PDECOhasbeena majorfocusof thisLDRD project.

1.2 Accomplishmentsof this Project

1.2.1 Classificationof PDECO Problems

Large-scald®?DE-constrainedptimization comesn mary formsandthevarietyof algorithnms and
interfacingmechanismgresentsa comple rangeof optionsfor a heterogeneousimulationervi-

ronmentsuchasthe onethatexistsat SNL. To achierze agenerabpproactor SAND optimizaton

for a large rangeof simulaton codesis a lofty challenge becausdy definition SAND methods
leveragethelinearalgebraof the simuation codeandthereforeeachinterfaceneedso be custom
designedThisresearctprojectaddressethesenterfacingproblemshrougha variety of software
toolsandestablishes systematimomenclaturendapproactfor the consideratiorof SAND op-

timization. Chapter2 will introducea sequencef levels of couplingbetweenPDE solver and
optimizer, with Level 0 beingthe mostlooselycoupledandLevel 6 beingthe mosttighty coupled
andpotentally yielding the highestperformanceCurrently mostSandiaapplicationsarecapable
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of LevelsO andl only.

Chapter2 containsa discussia of the mathematal foundationsof PDECO,anda systematic
enumeratiorof the levels at which PDE and optimization codescanbe coupled.Briefly, Level O
is the mostloosely coupledblack-boxalgorithm and Level 6 is the mosttightly coupledfull-
spacealgorithm which potentialyy yields the highestperformance.Currently mostSandiaPDE
applicationsare capableof Levels0 and1 only. In Chapter3 we discussthe generalsimulaton
environmentat Sandiaandpossibilties for PDECOin variousdisciplines. In Chapter7 we shav
performanceesultsfor differentlevelsof PDECO.

1.2.2 Software Development

Softwareis amajorchallengen PDECO,andmuchof ourwork hasbeento develop softwaretools
thatwill aidtheexplorationof researchdeasin PDECO provide guidanceor futuredevelopnent
of production-quaty PDECO capability and provide immediatePDECO capability for Sandia
problems. Thesetools have beendesignedfrom the startwith PDECO and interoperabiliy in
mind. We have developed:

A softwareframenork (rSQP++) for solving reduced-spaceDECOproblems.

A softwareframavork (Split/O3D)for solvingfull-spaceandinequality-congainedPDECO
problems.

A PDE simulationcomponensystem(Sundancedhatis capableof providing the additional
operationgequiredby the morestronglycoupledevelsof PDECO.

An interfacebetweernrSQP++andanexisting productionPDE code MPSalsawhich allows
SAND capabilitythroughLevel 4.

All of thesetools have beenimplementedin C++, all inter operatevia the Trilinoslinearalgebra
componentsandall have parallelcapability

1.2.3 Numerical Experiments

We have conductedhumericakexperimentgo evaluatethedifferentlevels of PDECO.In Chaptel5,
we shaw resultsof Level 4 (c.f. Chapter2) couplingbetweerntherSQP++optimizer anda Sandia
productioncode,MPSalsa.This resultedin anorderof magnitudespeedupelative to a Level 1
“black box” method. Theseexperimentshave alsogiven usinsightinto the accurag requiredin
Jacobiartalculationsin Chaptef7, we presentisurwey of PDECOproblemssolvedusingrSQP++
andSundanceBecausef Sundances veryflexible nature we have beenableto exploreall levels
of couplirg for PDECO;aswith MPSalsagoingto Level 4 yieldsanorderof magnitudespeedup
relative to Level 1, andthengoing to the highestdegreeof couplirg (at this point, possitbe only
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throughusingSundanceasthe PDE solwer), Level 6 yields a further orderof magnitudespeedup
beyondLevel 4. Figurel.1and1.2 shav the resultsof a numericalexperimentsolving a source
inversionproblemconstrainedy a corvectiondiffusionproblem.Large differencesn numerical
efficienciescanbe be obseredat eachlevel of optimization.

1.2.4 Hierarchical Control

Althoughnot originally partof the proposalaninterestingclassof problemsarosethatwe spent
sometime considering.In particulay it often occursin applicationsthat thereis morethanone
objectve. Theso-called'multi-objective” optimizationproblemhassomespecialpropertiesvhen
the constraintsaare PDEs. Supposefor example,onewantsto drill a well into anaquiferto help
in preventing contaminant$rom enteringa city watersystem.The primary objectie is to reduce
the contaminantsn the systembelow a giventhreshold.Secondarybjectves may include mini-

mizing cost,minimizing thetime to completon, andminimizing theamountof watertaken out of

theaquifer Thereis no singleway to handlethe multi-objective problem,but, building on work

donein thearea,we wereableto shav how aformulation, called“hierarchicalcontrol; thattakes
into accountan orderingof the objectvescanyield soluions thatare significantlysmootherand
thus more usefulin mary applications. This work is describedn Chapter8 wherewe demon-
stratethe effectivenesf our full-spaceSAND approacton a problemwith significantinequality
constraints.

1.3 Conclusionsand Recanmendaions

With theincreasingpowerof ourmassvely parallelcomputirg platformsandtheincreasingophis-
tication of our PDE-basedsimulatonscomesan increasingdemandfor optimization procedures
that can exploit this power to improve designssignificantly to control processebetter andto
solve complex inversbn problemsmorerapidly. As we have indicatedabove, traditiona] NAND
approacheso solve PDECOproblemsare not up to the taskandtraditional PDE solversare not
designedwith optimizationin mind andthusaredifficult to usewith fastermethod. The major
resultof this researb projectis a demonstratin thatthe potental speedupesultirg from modern
SAND approachesanbe achiesed. This demonstrationvasmadepossibé by developgng a pow-
erful PDE ervironmentandtwo advancedoptimization codeswhich wereto nontrivial problems.
For SNL to realizefully this potental will requirechangesn how SNL developsits simulaton
codesandPDE solwvers. Thefollowing recommendatiaaddressheseassues.

1.3.1 Recommendations

1. Becauseof the large speedupresultirg from sensitvities and SAND optimization, future
simulatorsandPDE solversshouldbe designeawith optimizationin mindand,in particulay
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with enhancementthat include gradients,sensitvities, and adjoints. Thesefeaturesare
difficult to add as an afterthought. Along thesesamelines, Sierraand Nevadashouldbe
extendedo includethesecapabilities.

. ISQP++and Split/O3D shouldbe further developedand also interfacedwith DAKOTA.
DAKQTA is alreadyinterfacedwith SIERRA, andwill eventwally be interfacedto Nevada,
sothe rSQP++/Split/O3Dinterfaceto DAKOTA will facilitate PDECOwith SIERRA and
Nevada.

. Thedevelopnentof Sundancesa prototypirg andrapiddevelopnentervironmentfor par
allel PDECOshouldbe continued.In additian, the possbility of interfacingthe Sundance
symbolc problemdefinitioncapabilitywith SierraandNevadashouldbe exploredasa path
to providing improved PDECOcapabilityto thoseframeworks.

. SNL shouldemphasizehe developmentof framewvorks andtoolsin C++ in a true object-
orientedmanner Developersshouldbe encouragedo exploit existing framewnorks suchas
DAKOQOTA, rSQP++,Trilinos,andTSFandto developinteroperablecomponents.

. Incorporatethe sensitvity procedureghat we have demongatedwith MPSalsainto on-
goingprojectssuchasXyce andPremo.

. Extendthe researb andtools begun hereto transientproblems,inequality constraintsand
real-timeoptimizatian.

. Apply PDECOtechnologyto homelandsecurityapplicatimmssuchasimproving theresponse
to chemical/biobgical/radiologtal attackson facilities, waterdistribution networks,andur-
banfacilities.
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Chapter 2

Mathematical Overview: Sensitvities and
Levelsof Optimization

2.1 Overview

An introducton of theappropriatanathematisis presentedo emphasizeheimportantlinearal-
gebraiccomponentshatarenecessarfor interfacingvariouslevelsof optimizaton methodsThis
discussia is primarily designedo provide the PDE developer with the fundamentaknowledge
for consideringmoreefficient waysof solving optimization problems.Optimizationmethodsare
classifiedinto two maincateyories,NAND andSAND, eachof which arefurtherbrokendown to
additionallevels. Theoptimzationlevelsdefinedifferentinterfacedor achieving higherefficiency.
The calculationof the derivatives(sensitvities) of “state” variableswith respecto “design” vari-
ablesis a crucial steptoward moreefficient levels of optimization usingso-calledreduced-space
methods. The incorporationof differenttypesof sensitvities determinewhich levels of NAND
andSAND optimizationarepossibé.

We considerequality-congstinednonlineamprogramgNLPs) of theform

min  f(y,u) (2.1.1)
Y,u
st e(y,u)=0 (2.1.2)
where:

y € R™

u € R™

fy,u) : RMwim™) 5 R
c(y,u) : ROwtne) 5 R,
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Equation(2.1.2) represents setof nonlinearsimuation equationswhich we refer to asthe
constaints. In this notation, c(y, u) is a vector function where eachcomponentc;(y, u), j =
1...ny, represents nonlinearscalarfunction of the variablesy andw. Here,u areoftencalled
the design(or control, inversion)variableswhile y are referred to as the state(or simulaton)
variables. Note thatthe numberof statey anddesignu variablesaren, andn, respectrely. A
typical simulaton coderequiresthatthe userspecify the designvariablesu andthenthe square
setof equationg:(y, u) = 0 is solvedfor y. In the optimizationproblemin (2.1.1)—(2.1.2) f (y, u)
is a functionthatwe seekto minimize while satisfyingthe constraintsthis functionis calledthe
objectivefunctionor justthe objective In anoptimizationproblem,the designvariablesu areleft
asunknovns which aredeterminedalongwith the statesy, in the solution of (2.1.1)—(2.1.2).In
someapplicationareasthe partitioning into stateanddesignvariabless fixedandknown a priori,
while in otherapplicationareaghe selectiormaybearbitrary

Here we discussthe issuesinvolved in modifying an existing simuation codeor developing
a new codethat can be usedto solve optimization problemsefficiently using variouslevels of
gradient-basethethods.

The developmenteffort requiredto implementthe neededunctionality for a simulation code
to beusedin agradient-basedptimizationalgorithmvariesdependingnthelevel of optimizaton
method.The goalof this discussioris to be preciseaboutwhatthe requirementsrefor a simula-
tion codefor differentlevelsof intrusive optimization. We defineintrusive optimizationasmethods
thatrequiremoreinformation from the simulation codeandmay requiremoreeffort to interface.
We startwith sensitvities for the lower-level optimization methodsandthenmove onto the sen-
sitivities for the moreinvasve, higherlevel methods This discusgn shouldgive thereadersome
ideawhattheexpectedmprovementsn performanceanbeby goingto higherlevel optimizaton
methods.An additionalgoal of this treatmenis to motivate simulatian applicationdevelopersto
considerthe potentialof higherlevel optimization methodsandto studyoptimizationmethodsn
furtherdetail. Referenesaremadeto morethoroughdiscussion of specificoptimizationmethods
andresultsfrom variousapplicationareador theinterestedeader

We shouldalsomentionthatall of thevariouslevelsof optimizaton methodghatarediscussed
here can also handleextra constraintsbeyond the stateconstraintsshaovn in (2.1.2). From the
standpoih of anapplicationdeveloper the sensitvity requirementdor theseextra constraintsare
the sameasfor the objective function. In generalthe sametypesof computatbnsthat mustbe
performedor theobjective functionmustalsobeperformedor theextraconstraintsThehandling
of theseextraconstraintss notdescribedere butis describedn thecontext of reduced-spac8QP
in Sectior4.1.3.
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2.2 Implicit State Solution and Constraint Sensitvities

The setof nonlinearequations:(y, u) = 0 canbe solvedfor y usinga variety of methods Using
the soluion methodit is possibé to defineanimplicit function

y =y(u), s.t.e(y,u) = 0. (2.2.3)

Thedefinitionin (2.2.3)simplyimpliesthatfor any reasonablselectionof the designvariablesu,
thesolution methodcancomputethestateg;. Notethatevaluatingthisimplicit functionrequiresa
completesimuation or “analysis”to be performedby the soluion method.The costof performing
theanalysismayonly beanO(n,) computatiorin a best-case-scenaribyt for mary applicatios
the compleity of theanalysissolutionis muchworse.

In the remainderof this section,we derive the sensitvities of the statesy with respecto the
designsu asrelatedthroughthe implicit function (2.2.3). We begin with a first-orderTaylor ex-
pansiorof ¢(y, u) about(yo, ug) givenby

oc dc
c(y, u) = (o, uo) + 8—y5y + 5 0ut O(|16y11?) + O(]|dul [*) (2.2.4)

where:
‘9—; is asquareR™-by-R™ Jacobiammatrix evaluatedat (yo, uo)
3—2 is arectangulaiR™-by-R"* Jacobiammatrix evaluatedat (yq, uo)-

In this notation,the Jacobiamatrix 3—5 is definedelement-wises

aC 80]' )
(ay)w) = E» Jforj=1...ny,l=1...n,.

If thematrixg—; exists andis nonsingudr thentheimplicit functiontheoren{80, B.9] stateghat
theimplicit functionin (2.2.3)existsandis well definedin aneighborhod of asolution(yo, ug). In
someapplicationsthe matrix g—; is alwaysnonsingudr in regionsof interest.In otherapplication
areasvheretheselectiorof stateanddesignvariableds arbitrary thevariablesarepartitionedinto
statesanddesigngasedon thenon-singulariy of g—;. Notethattheonly requirementor thelatter
caseis for the Jacobiarof ¢(y, u) to befull rank.In ary casewe will assumédor theremainderof
this discussia that, for the given selectionof statesanddesignsthe matrix g—; is nonsinguar for

every point(y, u) consideredy anoptimizationalgorithm Thenon-sirgularity of g—; allowsusto
computearelationshp betweerchangesn y with changesn u. If we requirethattheresidualnot
changsg(i.e. c(y, u) = ¢(yo, uo)) thenfor sufiiciently smalléy anddu thehigherordertermscanbe
ignoredand(2.2.4)gives

—d0y + —du = 0. (2.2.5)



If % is nonsingilar thenwe cansolve (2.2.5)for
Y

dc~toc
= —— —du. 2.2.
oy 9 auéu ( 6)

The matrix in (2.2.6)representshe sensitvity of y with respecto u (for ¢(y, u) = constan}
which defines

9 o _9¢ "¢ 2.2.7)

We referto the matrix g—z in (2.2.7)asthedirectsensitiviy matrix.

2.3 NAND

Now considethow theabove canbeusedto helpsolve optimizationproblemsof theform (2.1.1)—
(2.1.2).Theimplicit functiony(u) allowsthenonlineareliminationof the statevariablesy andthe
constraints:(y, u) = 0 to form thereducedbjectivefunction

flu) = fy(u),u). (2.3.8)

This nonlineareliminationleavesthe following unconstraine@ptimizaton problemin the space
of thedesignvariablesonly: X
min f(u). (2.3.9)

The unconstraineaptimizationproblemin (2.3.9)canbe solved usinga variety of methods.
Notethateachevaluatian of f(u) requirestheevaluaton of y(u) which involves a completesimu-
lation or analysigo solve c(y, u) = 0 for y. Therefore acompleteanalysiss nestednsideof each
optimizationor designiteration. Optimization approachesf this type are broadly cateyorizedas
nestedanalysisanddesignor NAND.

NAND optimizaton approacheshat do not computegradientswill be referred to aslevel-0
approacheand,asmentioredin the chapterl, aregenerallyrestrictedto searchmethods.These
will notbediscussedurtherhere.As we will seebelow, thereareseveralhigherlevel approaches
thatusesensitvities (i.e. derivatives).

Gradient-basedptimization methodsfor (2.3.9)requirethe compuation of the reducedgra-
dient A
of

ou
Thereare several relatively fastoptimization methodsthat rely only on the reducedgradientin
(2.3.10)suchasquasi-N&vton method (i.e. BFGS[85, Chapter8]). Thesemethodscanachiere
superlinearatesof corvergencewhenw is of moderatedimenson. A generaloutline for these
optimizationalgorithns is givennext in Algorithm 2.3.1.

e R, (2.3.10)
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Algorithm 2.3.1 : Outline for NAND Algorithmsfor Unconstained Optimizaton

1. Initialization: Chooseolerancen € IR andtheinitial guessu, € R™, setk =0
2. Sensitiviy computation Computethereduceogradientg—i aty = y(ux), u = ug

3. Corvemgenceched: If |\g—£|| < 7 thenstop,soluion found!

4. Stepcomputation Computedu € R"™ s.t. g—jjéu <0
5. Globalization: Find steplengtha thatensuesprogressto the soluion

6. Updatethe estimateof the solution:
Upr1 = Ug + @ U
k=k+1
gotostep2

A simple choicefor the stepcomputationn step4 of Algorithm 2.3.1is the steepestiescent
;T
of

directiondu = —3-  for whichtherequireddescenpropertyholds
~ A~ AT
of . Ofof

if g—i # 0. Most quasi-Nevton methodscomputea searchdirectiondu by maintainng a positive-
;T

definitematrix B andthencomputingdu = —B—l% (whichis alsoeasyto shov hasthedescent

property).

The simpestway to computethe reducedgradientis to usefinite differences.For example,
usingone-sidedinite differenceseachcomponentf thereducedyradientcanbeapproximateds

(af) o Tt e we+ee) = fly(we)we) oy (2.3.11)

ou ¢

NAND optimization approacheshat usefinite differencesasin (2.3.11)will be referredto as
level-1approaches.

2.3.1 Exact ReducedGradients

Themajordravbackof optimizationapproachethatrely on thefinite-differencereducedgradient
in (2.3.11)is thatn, analysesrerequiredperoptimizationiterationandtheaccurag of thecom-
putedoptimal soluion is degradedbecaus®f thetruncationerrorinvolvedwith finite differences.
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An alternatie approachis to computethe reducedgradientin a more efficient and accurate
manner The exactreducedgradientof f(u) = f(y(u),u) is

of _ofdy , of
ou Oy ou + ou (2.3.12)

where:
g—i is aR™™ row vectorof thegradientw.r.t. y evaluatedat (i, uy)

% is a R™™ row vectorof thegradientw.r.t. v evaluatedat (yy, uy)

andg—z is the direct sensitvity matrix definedin (2.2.7). By substititing (2.2.7)into (2.3.12)we
obtain

of  9fdctoc of

- = . 2.3.1
ou 0y dy 8u+8u (2.3.13)

The first termin (2.3.13)canbe computedin one of two ways. The first approachcalledthe

direct sensitiviy approach, is to computethe direct sensitiity matrix 3¢ = —g—;_l% first and
thencomputethe product 2 . The adwvantageof this approachs thatmary simulaton codesare

dy du

alreadysetupto solvefor linearsystemswith g—; sincethey usea Newton-typemethodto solve the
analysisproblem. The disadwantageof the directsensitvity approachs thatto form g—g, n, linear
systemanustbe solvedwith the Jacobian% for eachcolumnof % asaright-handside. Thisis
generallya greatimprovementover the finite-differencereducedgradientin that the solution of
an, linear systemswith % is cheapetthana full simulation to evaluatey(u) andthe resulting
reducedgradientis muchmore accurate.Optimizationalgorithmsthat usethis direct sensitvity
NAND approachwill bereferredto aslevel-2 optimizationmethods

Thesecondapproactor evaluating(2.3.13),calledtheadjoint sensitivityapproach, is to com-
pute

dc TofT ny
A= 3 € R (2.3.14)
first, followed by the formationof the product/\T%. The columnvector ) is calledthe vectorof
adjointvariables(or theLagrangemultipliers, see(2.4.16)).Theadwantageof thisapproachs that
only a single solve with the matrix g—;T is requiredto computethe exactreducedgradient. This
removesthe O(n,) compleities of thelevel-1 andlevel-2 optimization approachesHowever, at
leastone completeanalysisis still requiredper optimizatian iterationto computey = y(uy) in
step2 of Algorithm 2.3.1. Thedisadwantageof theadjointsensitvities approachs thatsimulaton
codeswhich solwe linear systemswith the Newton Jacobiang—; may not be ableto solve a linear
systemefficiently with its transposelt canbe a majorundertakingo revise a simuation codeto
solve with transposedystemsespeciallyif the Jacobians a parallelobject. NAND approaches
thatuseadjointsensitvities will be categyorizedaslevel-3 optimizationmethods
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2.4 SAND

To this point we have only consideredNAND optimization approacheshat requireat leastone
full simulation problemc(y,u) = 0 be solved at every optimizatbn iteration. Thereare also
optimizationapproachestartingwith aninitial guess(yg,uq) wherec(yo, uy) # 0 thatwill solve
the simulaton (analysis)problemandthe optimizaton (design)problemssimultaneously These
higherlevel optimizationapproachearereferredio assimultaneosanalyss anddesignor SAND.

Many of the SAND approachesequirethe samereducedgradientin (2.3.13).We referto SAND

methodghat usedirect sensitvities aslevel-4 methodsandthosethat useadjoint sensitvities as
level-5 methods. In additionto the reducedgradient,level-4 and level-5 SAND methodsalso
requirethat the simdation code (now to be referredto asthe application)be able to compute
Newton stepsof theform

Syy = — ¢ (2.4.15)

where g—;fl and ¢ are the Jacobianand the residualof the constraintsc(y, u) computedat the
currentestimae of the solution (yx, ux). This is usually not a very difficult extra requirement
giventhe requirementdor the reducedgradient. In addition to the requirementhatthe reduced
gradient% vanishes, SAND methodsmustalso be responsibl€for solving ¢(y,u) = 0 to an
acceptablaolerance. The conditionthat ||c(y, u)|| (where]|.|| is somenorm) mustbe reduced
belowv a smalltolerances known asthe feasibiity conditin. Whenwe saythatan optimizaton
stepimprovesfeasibility, we mearthatit decreasetheinfeasiblity ||c(y, )||. In additionto design
variablesu, SAND method mustalsoexplicitly handlethe stateg; asoptimizationvariables.The
numberof statevariables, canbeverylargeandthis hasasignificantimpacton themethod and
implementationapproachethatcanbe usedfor SAND methods.In someapplicatiors (e.g.those
requiringtime-dependensimulations),the amountof storaggust neededo storevectorsof size
n, canexhaustthe RAM of evenhigh-endsupercompurs. Algorithm 2.4.1givesthe outline for
abasiclevel-4/level-5 SAND method.

Algorithm 2.4.1 : Outline of a BasicLevel-4/Level-5SAND OptimizationAlgorithm

1. Initialization: Choosetolerancesn,, n; € R andtheinitial guessy, € R"™ andu, € R,
setk =0

2. Sensitiviy computation Computethereducedyradient g—i andtheresidualc at (yg, ux)

3. Corvemgenceched: If Hg—iH < ny and||c|| < 7. thenstop,solution found!
4. Stepcomputation

(a) Feasiblity step: ComputeNewtonstepdyy = g—;‘lc at (yx, u)

(b) Optimality step:Computedu € IR™ s.t.g—féu <0

5. Globalization: Find steplengtha thatensuesprogressto the soluion
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6. Updatethe estimateof the solution:
Yer1 = Yi +  (dyny + %516)
Uk+1 = Ug + du
k=k+1
gotostep2

NotethatAlgorithm 2.4.1hasthe samebasicstepsasAlgorithm 2.3.1andthatthesestepsare
commonto mary optimizationalgorithms.However, the first major differenceis thatthe reduced
gradientcomputedn step2 is computedat the currentestimateof the solution y,, insteadof the
fully corvergedsoluion y = y(uy) asin Algorithm 2.3.1. Anothermajordifferenceis the explicit
handlingof the statevariablesy andthe constraints:. Thisis seenin the sensitvity computaton
andtheconvergencecheck. The samemethodghatcanbeusedin aNAND algorithmto compute
du, suchas steepestiescentand quasi-Ne&vton, can also be usedin step4b. While the global-
izationmethodusedin a NAND algorithmmay befairly simple,moresophisicatedglobalizaton
stratgiesare neededor SAND andthesestratgliesmay have to be applicationdependent.The
lastmajordistinctionto pointoutbetweenrAlgorithm 2.3.1and2.4.1is theupdateof the statevari-
ablesy in step6. It is easyto seethattheupdatedy,,; satisfieghelinearizedconstraintshovnin
(2.2.4)(with thehigherordertermsdroppedout andsettinge(y, v) = 0 anddy = (yx+1 — Yx)/ ).
Therefore,one iteration of Algorithm 2.4.11is essentiallya Newton iteration for the equations
c(y,u) = 0 wherebothy andu aremodified. Hence,mary SAND methodsshowv quadraticrates
of local corvergencein the constraintgwhich is commonfor Newton method).

What differentiatesa level-4 from a level-5 SAND methodin Algorithm 2.4.1is how there-
ducedgradientin step2 andtheupdatefor the statesn step6 arecomputed.The SAND algorithm
shown in Algorithm 2.4.1is essentiallyequivaent to areduced-spac8QPmethodthatusesa co-
ordinatevariable-reductiomull-spacedecompodion (seeSection4.1.3). While thereare other
examplesof level-4 andlevel-5 SAND method thanthe oneshown in Algorithm 2.4.1,the major
typesof compuationsremainsthe same(i.e. intialization, sensitvity computationcorvergence
check,stepcompuationandglobalization).

It hasbeenshavn in mary differentapplicationareasthat level-5 optimization methodscan
computea soluion for optimization problemsof the form in (2.1.1)—(2.1.2 at costwhich is a
small multiple of the costof solving a single analysisprobleme(y,u) = 0 for NLPs with a
moderatenumberof designvariables(i.e. n, = O(100)). However, thesemethod, which use
guasi-Nevton or similar techniquegfor step4b in Algorithm 2.4.1),generallyrequiremoreand
more optimizationiterationsto solve an NLP asthe numberof designvariablesn,, is increased.
The total numberof optimization iterationsrequiredto reachan acceptablesoluion toleranceis
generallyO((n,)*?") whereagy is somenumbergreaterthan0 but generallylessthan2.

2.4.1 Full Newton SAND

All of thelevel-2 throughlevel-5 optimizationmethod=nly requirefirst dervatvesin theform of
theJacobiarmatricesg—; and% andobjectve gradientsg—g and%. However, if secondderivatives
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for the constraintsand objective function are available, then potentially more efficient higher
level optimization methodsare available. Before discussg thesehigherlevel methodsandthe
requirementdrom applicationcodeswe mustfirst presenthe formal optimality conditionsfor a
solutionto (2.1.1)—(2.1.2).

We begin with the definition of animportant aggreyatefunction calledthe Lagrangian given

by
Ly, u, \) = f(y,u) + Xe(y, u) (2.4.16)

where:
A € R™ isthevectorof Lagrange multipliers.

Giventhedefinition of the Lagrangianthe optimalty conditions(alsoknown asthe KKT condi-
tions[85]) statethatthefollowing arenecessaryequirementgor the soluion of (2.1.1)—(2.1.2):

oL o1 + arde

3_y — 3y 3 =0 (2.4.17)
oL of 7 0c

= - ZL — = 24.1
ou ou +A ou 0 ( 8)
oL

o = c(y,u) = 0. (2.4.19)

All SAND methodsseeka solutionof this setof nonlinearequations.Note that (2.4.17)can
besolved for A andthensubsitutedinto (2.4.18),yielding thedefinitionof thereducedyradientin

. . .- . . of
(2.3.13).Therefore the optimality conditiorsin (2.4.17)and(2.4.18)areequvalentto % =0.

The systemof nonlinearequationsn (2.4.17)—(2.4.19¢anbe solved usingNewton’s method
which hasthefollowing linearsubproblen{known asthe KKT systen

2L LT acT 5 LT

dy?2  dydu 8y [ ) -| By

2L 8L  acT Su | =—| aLT | . (2.4.20)
dydu du? du du

%c dc 5)\ c

dy du
The above Hessian®f the Lagrangiarfunctionarecomposite®of the following Hessiarmatrices
for the objective andtheconstraints:

o°f
0y?

0 f
Oyou
o0 f
Yz J R X Ty
ou? <

€ R™w*x™y

2.4.21
e R™*™e ( )
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0y? <

d%c; c M > j=1...n,. (2.4.22)
Oyou

626]' Ty XN

W e R )

Optimizationmethodsthat usesecondderivatives, or approximationsto them,will be classified
aslevel-6 methods.Theseoptimizationmethodsareamongthe mostsophisicatedgradient-based
methodsdevelopedto dateandcontinueto be a topic of active researchthroughouthe scientific
communty. The generaloutlinefor alevel-6 SAND optimization methodis givenin Algorithm
2.4.2.

Algorithm 2.4.2 : Outline of a Level-6 SAND Optimizaton Algorithm

1. Initialization: Choosetolerancesn., n,, 7, € R andtheinitial guessy, € R™, u, € R™
and )\, € R",setk =0

Sensitiviy computation Computell, 2& 2L L 9°L

dy' Bu Oy2' Bydu' Bu? andc at (yk7 Uk)

Convergenceched: If [| 5L < n,, [|5L| < 7, and||c|| < 7. thenstop,solutionfound!
Stepcomputation Solvethe KKT systemin (2.4.20)for (dy, du, 6 \)

Globalization: Find steplengtha thatensuesprogressto the soluion

o g &~ w N

Updatethe estimateof the solution:
Yk+1 = Yk + @0y

Uk+1 = Ug + du

)\k—l—l = )\lc + o oA

k=k+1

gotostep2

Notethatalevel-6 SAND methodmustalsomaintainestimatesof the Lagrangemultipliersin
additionto estimate®f the stateg; andthedesigns:. Level-4 andlevel-5 SAND methodsusually
do not needan initial guessfor \q anddo not maintainestimatef \. The sameglobalizaton
stratgiesusedin level-4 andlevel-5 SAND methodscanbe used,unaltered;n a level-6 SAND
method.In mary applicationsareastheselevel-6 optimizationmethodsarequadraticallycorver-
gentwith algorithmc compl«ities thatscaleindependentlyf the numberof designvariablesn,,
[20]. One of the main disadwantagesof this level of invasvenesss thatit is difficult for mary
differenttypesof applicationcodesto generateaccuratesecondderivativesin a reasonablyeffi-
cientmanner Therefore therecanbe a large developmentoverheadand compuationalexpense
involved in applyinglevel-6 methods.The KKT systemin (2.4.20)is expensve to solve andits
solution is a bottleneckin a level-6 SAND method. Therefore the mostcritical partof a level-6
SAND methods how theKKT systemn (2.4.20)is solvedandtherearemary differentdirectand
iterative approacheghe bestapproachs, of courseapplicationdependent.
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2.5 Implementation Issuesand Summary

In this section,we discusssereral issuesthat relateto the implementatn of sensitvities, the
overall optimization methodcompleities/scalabilies, andthe interfaceto optimizationmethods.
Firstthe7 levelsof optimizationaresummarizedelow:

Level 0isaNAND nongradientblack box” approactwheretheoptimizerdoesnotrequireary
informationfrom the PDE codeotherthanthe objectie functionvalueperoptimizationiteration.
This zerolevel is perfectlysuitedfor simulation problemsandcodesthatarecomple anddo not
calculateexactJacobiangnddo notrequirethe investpationof large designspacesLevel 0 may
betheonly option for PDE codeswherethe compleity of the physicsprecludeghe calculationof
analyticderivativesandwherestandardapproximatbnsarepoor. Theinterfacingcostis minimal,
becausenostblack-boxmethodscancommuncatethroughthefile system.

Level 1isaNAND gradient-basetblack box” approactwherethe optimizer requireshatthe
PDE codecomputethe objectie function valueandthe gradientper optimizationiteration. The
gradientis typically calculatedusinga finite differencemethod. Level 1 is suitedfor simulaton
codesthatare comple, but smoothenoughto allow reasonabl@ccurag in the finite difference
calculation.Level 1 is alsosuitabk for problemsthat poseaninsurmountablesoftwarechallenge
and/ordo not requirethe invegigation of large designspaces.Similar to level O approacheshe
interfacingeffort is minimal.

Level 2 is a NAND gradient-basethethodthat usesdirect sensitvities from the simulaton
code. Thereare a few simulation codesat Sandiathat calculatedirect sensitvities. Black-box
approachesantypically take advantageof thesesensitvities to calculatethe objective function
gradient. The costof this calculationis more thanrepaidby the fact that no extra simulations
areneededunlike the useof finite differences.Besidesthe computationakfficiengy, directsen-
sitivities are more accuratewhich resultsin a fastercorvergencerate and bettersolutiors. The
level of effort to develop direct sensitvities is highly dependenbn the designof the simulaton
code. However, it is the obviousfirst stepto improve efficiency andthe obviousfirst steptoward
SAND optimizaton. As explainedin chapter2, mostsimulaton codesare alreadydesignedo
solve thelinear systemandthe implenmentationof directsensitvities requiressolvingthis system
with differentright handsides.

Level 3 is a NAND gradient-basedhethodthat usesadjoint sensitvities from the simulaton
code. Black-boxapproachegan againtake advantageof thesesensitvities to calculatethe re-
ducedgradientof the objective function. Thereare significant computatbnal savings becauset
requiresonly onesolution involving the transposesystemof the Jacobiarof the forward simula-
tion (independenof thenumberof designvariablesn,). Similarto directsensitvities, the adjoint
methodproducesaccurategradients.The effort to developdirectsensitvities is highly dependent
on the designof the simulaton code. If the simulation codehasaccesdo the Jacobiarfor the
forward simulaton andthe simulaton codesolverscanbe usedon the transposef the Jacobian,
thenthe implementations relatvely inexpensve andstraightorward. The adjointformulationis
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anecessargteptoward SAND optimizationmethods Oncetheadjointvectorcanbecalculateda
considerableamountof theimplementatioreffort is completefor a SAND method

Level 4 is a SAND gradient-basethethoddependenbn directsensitvities. Theimplementa-
tion effort associatewvith directsensitvitiesis thesameasdescribedor level 2. Insteadof passing
thisinformation to a black-boxoptimizer, it is passedlirectly to algorithmscloselycoupledto the
simulation. Additionalimplementatioreffort is thereforeinvolved to make useof a closelycou-
pled algorithm The extent of the effort dependshighly on how amenablea codeis to coupling
with otheralgorithns.

Level 5 is a SAND gradient-basednethodthat is dependenbn the “adjoint formulation”.
Thesealgorithnsrequirethesolutionof systemsnvolving thetransposef thestateJacobianThis
methodis similarto level 3, exceptthatfor a nonlinearproblemit is considerablynoreefficient.

Level 6 is known asthe full-spacemethod[20] and hasthe mostcomputatbnal potental for
very largedesignspacesThelevel of intrusivenesss the highestasa resultof having to assemble
andsolve the full KKT systemor the relatedQP subprobém. A full-spacealgorithmgenerally
requiresthe calculationor approximatiorof secondderiativesin theform of Hessiammatrices.

It is very importantto understandhe implicationsof computinganaccurateeducedyradient
in (2.3.13)thatis usedin level-2 throughlevel-5 methodsandhow this differs from the way that
simulationcodesareusuallyimplemenéd. In asimulation codethatusesNewton’smethodo solve
c(y,up) = 0, it is notcritical thatexact solveswith 2—; be performed even nearthe solution. All
thatis requiredis a solution thatimprovesfeasibility (i.e. decrease§c(y, u)||). Therefore mary
advancedsimulation codesaredesignedo computeapproximatelacobiangi.e. operatorsplitting
andotherinexactmethods}o make thecomputatiorof thesoluionscheaperFor optimizationthis
is generallyunacceptableAny significanterrorin the Jacobiansvill be reflectedin the reduced
gradient. In otherwords, inaccurateJacobiannformationis reflectedin inaccuratesolutionsto
the optimization problem. This alsoappliesto the Jacobiammatrix g—;. While a simulaton code
may be designedo useexact Jacobianandto solve linear systens accuratelywith g—; andmay

. . T . . .
even be ableto solve systens involving g—; accurately sucha codeis certainly not designedo

computeefficient sensitvities for the designvariables%. This matrix % can be approximated
usingfinite differencesbut thiswill potentiall imposeanadditionalO(n,) costperoptimizatbn
iteration,evenfor the level-3 adjointsensitvity approachln addition,this sensitvity matrix must
be exact(or asaccurateaspossible)or thewrongreducedgradientis computed.In sometypesof
applicationsthe developrent effort and compuationalresourcesequiredto compute% canbe
quitesmall,while in otherareascomputng this matrix canbe difficult and/orexpensve.

While exactfirst dervativesare essentiafor level 2-5 methods exact secondderivatives for
level-6 methodsarenot ascritical sincesecondderivativesdo not alterthe optimalty conditiors,
but only the efficiency of theoptimizationalgorithm Quasi-Nevton approximatbns,for example,
may not be accurateat all, but they have drasticallyreducedthe computatbnal time on mary
problemd85, Chapterl0]).
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In general,going from onelevel of optimizationmethodto the next, interfacinga simulaton
codegetsmoredifficult, but the resultingoptimizatian algorithmbecomesnoreefficient. There-
fore, thereal trade-of usually betweendifferentlevels of intrusive optimizationis thatof devel-
oper (i.e. human)resourcesrersuscomputatbnal resources.For applicationswith fewer design
variables)evel-5 methodsnayactuallybefasterthanlevel-6 method$ecaus®f the costof com-
puting (or approximatiig) andusingsecondderivatives. For mary otherapplicatiors, reductions
in compuationaltime (which may not be very significant)do not justify the sometmessubstan-
tial investrentin developer resourcesieededo implenenta level-6 method. However, in cases
with large numbersof designvariables)evel-6 methodsffer the only hopeof beingableto solve
difficult optimization problemsusingreasonablemountof computing resources.

Tables2.1 and2.2 summarizethe variouslevels of intrusive optimization andthe generalre-
guirementgrom simulationcodesfor NAND andSAND optimizationmethods.Oneof themore
significantpiecesof informationin thesetablesis the specificrequirementérom simulaton codes
to be usedwith a particularlevel of intrusive optimization. The applicationrequirementsn each
tableareadditive. For exampk, all of therequirementgor level-2 methodsareincludedin there-
guirementdor level-3methodsHowever, theavailability of aquantityfrom alower-level method
in ahigherlevel methoddoesnot meanthatthatquantitywill actuallybe computedFor example,
the ability to computethe directsensitvity matrix % in alevel-5 methoddoesnot meanthatthis
matrix is actuallycomputed.To compuge % in alevel-5 methoddefeatghe whole purposeof the
adjointcomputaibn.

Note that the complity per optimization iterationand the generalnumberof optimizaton
iterationsfor level-2 methodss the sameasfor level-4 methodsandthe samecomparisorapplies
for level-3 andlevel-5 methods. The differenceis that the higherlevel methodshave a smaller
constanthanthe lower-level methodsandtheseconstantsare not shovn in O(...) notation. The
ratio of NAND versesSAND solution timeswill be applicationdependentbut therecanbe an
orderof magnitidedifferenceor morewith mary applicationdor variousreasonghatwe cannot
discusdn detailhere.In otherapplicationsthedifferencesn performancewvill besmaller

Thelastissueis how the requirementdisted in Tables2.1 and2.2 canbe methby anapplica-
tion codeandhow this functionalty canbe usedby an optimization algorithm. Oneof the major
complicatimsis thatthesesimuation codesrunin avarietyof computng ernvironmentghatrange
from simple serialsingle-procesprogramgso massvely parallelprograms.Furthermorethe way
thata linear systemis solved may vary greatlyamongapplicationareas.In someapplicationar-
eas directsparsesolversmay be preferablele.g.in chemicalprocesssimulaton) while massvely
parallel preconditimed Krylov-sulspaceiterative solvers (e.g.in mary PDE simuators) arethe
preferredmethod. Or the linear adjointequationin (2.3.14)could be solved usinga nonmatrix-
basedmethod(e.g. using a time-steppng adjoint solver). Matrix operatorinvocationscan also
be performedin a variety of ways using differentdatastructures. In addition, specializeddata
structuresanbeusedin mary applicationareasandcangreatlyimprove performanceTherefore,
a linear algebrainterfacethatis flexible enoughto allow for all of this variability is key to suc-
cessfullybeingableto interfacean advancedsimulation codeto a generalpurposeoptimizaton
algorithm Thedetailsof onesuchinterfacearedescribedn Sectior4.2.3.
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Approximate

Approximate

Optimizaion Application requrements compleity per numberof
level (addtive betweenevels) optimization optimization
iteraon iterations
Evaluaton of objedive _
polynomial to
/(y, u), see(2.1.1) exporentialin
level-0 Analysis solution O(nynu) P
y(u), see(2.2.3) M
level-1 Smoothnesof f(y,u) andy(u) O(nyny) O((ny)®ew)
Evaluaion of dired sensitvity matrix
% see(2.2.7)
level-2 Evaluatfon of objedive gradents O(nyn) O((na)*e)
5L and9l, see(2.3.12)
Computain of adjants
level-3 A= e TorT see(2.3.14 O(ny) O((ny)en)

— Oy oy
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Table 2.1. Summaryof level-0 to level-3 NAND optimization
methods.




Optimizaion
level

Application requrements
(addtive betweerlevels)

Approximate
compleity per
optimization
iteraon

Approximate
numberof
optimization
iterations

level-4

Evaluaton of objedive

f(y,u), see(2.1.1)

Evaluaion of congraintsresidal
c(y,u), see(2.1.2)

Evaluaton of dired sensitvity matrix
% see(2.2.7)

Evaluaion of objedive gradents

5L andgl, see(2.3.12)

Evaluaion of Newton step

dy = g—;ilc(y, u), see(2.4.19

O((nu)*ev)

level-5

Action of g—;_l on arbitrary vectas,
see(2.4.15)

Action of 3—;_T on arbitrary vectas,
see(2.3.14)

Action of % on arbitrary vectors
Action of %T on arbitrary vectors

O((nu)*e")

level-6

Evaluaion of (or matrix-vector prod

uctswith) Hessias

62 . 82 ) 82 ) i

ch, 8:1/%' WCZJ, fOI’] = ]....'n/y, see
(2.4.22

2 2 2
%, i 5k S€e(2.4.29)

32

Table 2.2. Summaryof level-4 to level-6 SAND optimization
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Chapter 3

PDE Environment

3.1 Overview

The engineeringcommurity hasa critical needto simulatecomplex physcsand,for thelastfew
decadeshasdevelopednumerougroduction simulaton codesto addressigh fidelity problems.
Most of thesecodeshave beenparallelizedandscaleto hundredsandsometo thousand of pro-
cessors. This monunental developrrent and parallelizationeffort hasconsumedievelopersfor
the last ten yearswith the somevhat unfortunateabsenceof ary capabilitiesto addressSAND
optimization, althoughsomecodescan producelimited sensitvity information, which as previ-
ouslydiscusseds aninitial requiremenfor SAND optimizaton. The useof NAND method in
combinatim with large scalePDE simulaton codesare limited to orderten designvariablesfor
the foreseeablduture assunmg the currenttrendsin compuer hardware growth do not change.
PDECO is thereforea critical developnentstrateyy for thoseinterestedn thecombinatia of large
designspaceandgradientbasedoptimization of large scalecomplex problems. Usingthe seven
levelsof optimization,we review thedifferentsimulaton disciplinesfor SNL andattemptto iden-
tify appropriateoptimizationlevels.

Before categorizing SNL simulaton codesadditioral issuesegardingsimuation codesneed
to bediscussed:

1. Implicit vs explicit - The more efficient methodsassumethat the solution mechanismis
implicit andthat a Jacobianis formed so that Newton’s methodcan be applied. Explicit
codegdependnusingsolutionsfrom theprevioustime stepandJacobiangareneverformed.

2. Exactor inexactJacobian- Thetheoreticabptimality conditionsrequirethatthe Jacobian
is exact. Rolustnesof the optimizationalgorithmdependsn the accurag of the gradient
calculations.Any useof approximatbns could significantly affect the solution. Neverthe-
less,usefulsoluions have beenobtainedfor mary problemswith finite-difference or other
approximategradients.
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3. Transient vs steadystate - Although methodshave beendevelopedfor transientPDECO,
significantefficiencgy problemsstill needto be resohed for the generaloptimization algo-
rithms.

4. Continuum or non-continuum - SAND methodgequiresmoothproblemsto date thereis
noreasonablevay for non-continuuntodedo take advantageof SAND basedechnologies.
A classicexampleof non-continuunmethodss thedirectsimulaton MonteCarlotechnique
[18][4] [77].

5. Level of multi-physics- Couplingdifferenttypesof physicscodescreatedifficult issues
for thehigherlevel SAND method. Issuessuchasexplicit soluion proceduresindoperator
spliting aremajorhindranceso SAND methods.

6. PDE smoothness- Gradientmethodsrequire smooh behaior. Applicationsinvolving
chemicalreactionsandstatechangesypically make useof databaséenformation andimpose
additioral non-differentiablefunctions.Anotherexamplethatgivesriseto nondifferentabil-
itiesis thegainor lossof materialduringthe courseof the computatios.

3.2 SandiaApplications and Classfications

At Sandia,a large rangeof complex simulation codeshave beendeveloped to addressa variety
of high fidelity, complex physicsproblemsin the areaof structuraldynamics,solid mechanics,
thermal/radiatia transportcomputationafluid dynamicsfire, shockphysicsandelectricalsimu-
lation. The scopeof providing large-scaleptimizationcapabilitiego this engineeringgommunty
in anefficientandpracticalfashionis considerabl@andcontinuego beasourcefor futureresearch.

The following sectionsdiscussgeneralcharacteristicsor eachdiscipline and an attemptis
madeto identify the potental optimizationlevel.

3.2.1 Structural Dynamics

Finite-elementstructural-dynanus simulation capabilitieshave beendeveloped that are ableto
performstaticanalysisdirectimplicit transientanalysis eigervalueanalysismodalsuperpositn-
basedfrequeny responseandtransientresponse Nonlinearcapabilitiesare currentlybeingde-
veloped.Shapeoptimizationproblemsaretheultimatedesigntargetfor structuraldynamicsandat
Sandiatherearea multitude of structuraldesignchallengesThe structuralintegrity of electronic
packages$or re-entryvehicless anexampleof animportantdesignproblem.Althoughthenumber
of designparametersareontheorderof a hundredasmoresophisicationto the structuraldesign
is addedthedesireto investgatelargerdesignspacewill increase.

Staticanalysiswith nonlinearmaterialbehaior is anotheraspeciwof structuraldynamicsthat
can benefitfrom a SAND formulation. So-calledinversiontechniquego find the mostlikely

34



materialsin a mediumis a potentialareaof interestthat could lead to large numberof design
variables.However, the ultimategoalfor structuraldynamicsis shapeoptimizationwhereSAND

methodscan have a significantimpact. Developirg efficient optimizaton methodsfor transient
problemsremainasignificantresearctchallenge.

3.2.2 Solid Mechanics

Nonlinearsolid mechanicss fundamentafor investigating manufcturingandgeomechanicak-
sues.Finite-elementodeshave beendevelopedthat canhandlelarge deformationstemperature
dependeng andquasi-statt mechanicproblemsn threedimensons. A materialmodelfor elastic
andisothermalkelastic-plasti behaior with combinedkinematt andisotropc hardenings avail-
able. An eight nodeLagrangianuniform-strainelementis employed with houmglassstiffnessto
controlthezero-enegy modes Highly nonlineareffectsincludematerialnonlinearitiesgeometric
nonlinearitesdueto largerotatiors, large strains andsurfacesthatsliderelative to eachother El-
ementbirth anddeathalgorithis are available to handlemanugcturingsituatiols wherematerial
is eitheraddedor removed, suchassolderingandmilling. Contactbetweensurfacescanalsobe
modeledwith or without friction, which allows for simulating mary difficult processessuchas
connectoiinsertion

In additionto manufcturingexampkes,thesecodesareusedto modelgeologicalsystemsub-
jectto avariety of stressesThe YucaMountain nuclearstoragefacility is an examplewherethe
maximumsafetymaiginsfor stressesieedto be calculatedasa function of variousdeformations
to the storagdacility andasa functionof variousloadsontothefacility.

Although significantoptimizationissuesexist in solid mechanicgn addition to large design
spacestherea numberof issuesthat preventsconsideratiorof intrusive methods. Perhapghe
mostobvious impedinmentto SAND method is the fact that solid mechanicscodesdo not for a
Jacobiarandusean explicit pseudaime steppingschemeo cornverge to a solutian. Non differ-
ential quantitiesasa resultof severe materialdeformationalsoposesa problem. Theremay be
somepossililities for calculatingdirectsensitvities for a subsebf problems put presumablythis
would requirerestructuringhetypical solid mechanicgode.Certainly birth/deathalgorithmsare
not differentiableandwould requirea completenew approach.

3.2.3 Thermal

Thermalsimuationcapabiliteshandleanalysiof systensin whichthetransporbf thermalenegy
occursprimarily througha conductia process.This nonlinear finite elementmulti-dimensional
capability hasbeenextendedto handlesolid phasechemicalreactionsandradiationtransfer A
steady-statenonlinearthermalproblemwithout a chemicalreactionis well suitedfor any SAND
level optimization scheme.However, the usualdifficulties are associatedvith the multi-coupled
phystcsandtransientanalysis.
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3.2.4 Computational Fluid Dynamics
3.2.4.1 CompressibleFluid Flow

Compressibldluid mechanicxodesareneededo simulateaccuratelythe aerodynamic$or sub-
sonic, transonicand supersonidlight. Many configurationsandflight situatons cannotbe ade-
guatelytestedbecausef high Mach numbershigh Reynoldsnumbersandenthalfy conditiors.
Aerodynamicsimulationscalculatepressuresshearstresdields, andforcesandmomentsexerted
on a structureby the surroundig compressitd fluids. If the assumptnsfor a rigid body fail,
the structuralresponsef the systemneedso beincluded. This is often an explicit couplingand
thereforea difficult issuefor SAND optimization. However, therearenumerouslesignproblems
in compressibldluid flow, suchassteady-stat&ulerbased shapeoptimizaton that cantake ad-
vantageof ary level of optimizaton method. A potentialproblemwith compressile fluid flow
problemsis that the preferredsolution mechanisnis either matrix-freeor pseudatime-steppig
with multi-grid methods.The Jacobians notformedandsensitvities cannotbe easilycalculated.

As aresultof this LDRD project,developrentof anadjointformulation is undervay for San-
dia’s new compressibldluid flow code. The goalis to initially conductshapeoptimizaton with
the steadystateEuler equations.An adjointformulationfor the Roe schemehasbeendeveloped
andaforward Newton basedsoluion is forthcoming.

3.2.4.2 DirectSimulation Monte Carlo

Computatioal fluid flow dynamicslocally refinesthe simulation meshin an attemptto resole
small-scalephenomena.However, hydrodynant formulations breakdown asthe grid spacing
approachethe molecularscale.Direct SimulationMonte Carlo (DSMC) methodq18, 4, 77] are
usedasan alternatve to continuumformulatiors. In DSMC, the stateof the systemis given by
the posiion andvelocities of particles,but the processdecouplegshe movementfrom collisions
andchemistry First of all the particlesare moved within a time stepalonga grid independery
of eachother At the endof thetime stepthe particlesaresampledn eachgrid cell to determine
collision behaior and speciedistributions using probabilstic techniques.At SNL, DSMC has
beenusedo simulatdow-densityapplicationsvith Knudsemumberontheorderof 0.2subjected
to electromagneti@ields. Numerousotherexamplesn theliteraturecanbefound[1, 107].

Clearly the lack of a continwum prevens the use of standardSAND methodsand an entire
simulation needsto be solved for any aspectof an optimization algorithmto occur Sensitvity
informationwill alsobedifficult to acquireby meanstherthanthe useof finite differences.

At SNL therearelargedesigncodegshatpredictthe affectsof certaingeometrieonthebeha-
ior of rarefial gases.Thesehigh-fidelity problemsare computatimally intensve; applyingshape
optimization, even with a small numberof designparametersrequiresan enormousamountof
computatimal resources.
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3.2.4.3 IncompressibleFluid Flow

Several Navier-Stokes codeshave beendevelopedto solve a numberof comple< designprob-
lems. We describeonesuchcodein Chapter5 for a chemicalvapordepositionreactorproblem.
The generaNavier-StokesCFD simulata is well suitedto take advantageof SAND optimizaton
methods Eventhoughseveral Navier-Stokescodeshave beenextendedto includechemistry tur-

bulence moving interfaces andelasto-viscosticmaterials greatcarehasbeentakento include
capabilitiesto form a full andexactJacobian.Thesecodesarecomplicated,however, anda level
6 interfacemayrequirea completerevision. Level-5optimizatia is possiblesincethe Jacobiann

accessiblandthe solution of systemasusingits transposeés available.

3.25 Fire

Thefire ervironmentsimuation softwaredevelopnentprojectis directedat providing simulations
for bothopenlarge-scalgoolfiresandbuilding enclosurdires. Oneclassof codesncludesturbu-
lence,buoyantly drivenincompressile flow, heattransfer masstransfer comhusion, sootforma-
tion, andabsorptiorcoeficientmodelirg. Anotherclassof codegepresenthe participatingmedia
thermalradiationmechanics.Thesefire codesrank as someof the more complex codesandare
mostly developedwith explicit solution method to couplemulti-physics,includeapproximatios
for differentphyscs processesjseinexact Newton methodsandaccommodatéhe lossof mate-
rial.

Theoreticallyanimplicit couplingof the differentphystcs could make a fire simulatian a can-
didatefor higherlevels of optimization. The complity of sucha simulaton suggestEomple
designproblemsandcomputeintensie simulations.However, the mostproblematidssueassoci-
atedwith fire simulaton is the lossof material. As in solid mechanicsthesealgorithms are not
differentiable. Even assunmg lossof materialis not anissue, the currentexplicit couplingstill
preventsthe useof levels 3 or higher Level 2 method could be consideredout would require
crosssensitvities to accommodatehe mary different physicscomponents.The calculationof
crosssensitvities for multiple physcs componentss anactive areaof research.

3.2.6 ShockPhysics

ShockPhysicgs handledhrougha family of codeshatmodelcomplex multi-dimensionalmulti-
materialproblemsthatarecharacterizedthy large deformationsand/orstrongshocks.The solution
strat@y consistsof a two-step,second-ordeaccurateEulerianalgorithmto solve the mass,mo-
mentum,andenegy conseration equations Modelsexist for computng materialstrength frac-
ture, porosity and high-explosive detonationandinitiation. The problemsthat canbe analyzed
include penetrationand perforation,compressionhigh explosie detonationand initiation phe-
nomenaandhypenelocity impact. Strongshocksimuationsrequiresophisicatedandaccurate
modelsof thethermodynant behaior of materials.Phasechangesnonlinearbehaior, andfrac-

37



turesareimportantto predictbehaior accurately Equation-of-sate packagesre usedto predict
phasechanges.

More recently Lagrangiansolid mechanicscapabilitieswere developedto include arbitrary
meshconnectvity, superiorartificial viscosity andimproved materialmodels. Problemscanbe
solved usingLagrangianEulerian,or anarbitraryLagrangian-EuleriaALE) meshthatis based
onalinearfinite-elemenformulation andmay have arbitraryconnectvity amongthe elements.

Many issuesneedto beaddressetb implementary intrusive optimizationalgorithmfor Shock
physts codes,including transientanalysis,non-smoth behaior, explicit solution procedures,
materialadditionanddeletionmechanisra. Similarissuesexist asin fire simuation.

3.2.7 Electrical Simulation

A substantll numkber of electricalsimuationsareconductedit Sandiseandacommonproblemis to

matchexperimentaldatafrom a network of circuitsto thesesimulations.Capabilitieso solve very

large circuit problemsare currently beingdeveloped. This effort will supportanalysisof circuit

phenomenatavarietyof abstractiorievels includingdevice-level, analogsignals digital signals,
and mixed signals. Although electrical simuation shoutl be smooh, old device modelshave

beenknown to uselimiter processeshat are non-differentable. Typically, large-scaleelectrical
simulation consistsof millions of deviceseachof which canhostat leastone designparameter
Therefore electricalsimuation is a reasonablygood SAND optimizationcandidateprovided the

device modelissuescanbe resolved andalso provided optimization methodsto handletransient
modelsefficiently canbe develgped. Algorithmsto handletransientprocessesare available, but

they arememoryandstorageintensve sincethey requirea large numberof designvariablesand
large numberof time steps.

The solution approachgeneratesionlinearsystemsof DAEs and usesNewton’s methodto
solve the resultingnonlinearequations.Thus Xyce generates Jacobiarsimilar to thoserequired
by PDE-basedimuations andtheoreticallyadjoint sensitvities can be calculated. Similarly to
compressitd fluid, additionalsensitvity developmentis undervay to develophigheroptimizaton
levelscapabilities.

3.2.8 Geoplysics

Geophysishaslong beenthe sourceof largeinversionproblemsthataresolvedto identify mate-
rials andrelatedpropertiesandto detecttargets. Eachof theseproblemsdealswith large number
of design/nversionparametersThey areoftensolvedin the frequeny domaintherebyavoiding

the issuesrelatedto transientphenomena.Considerableesearcthasbeenconductedat Sandia
to solve inversionproblemsand,althoughthe solutionproceduresrenot entirely alongthe same
linesdescribedn this report,thesecodesdo use Gauss-Neton methodsand conjugategradient
solvers[81] [82].
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Seismicinversion,structuralinversian, and sourceinverson are all importantproblemsthat
areamenableo the highestievel SAND methodsIn fact,the state-of-the-alSAND methodshave
beenappliedto a seismicinversionproblemwhere2.1 million inversionparametersvereusedfor
atransiensimuation[3]. Theseproblemsareimplicit, they useexactJacobiansandcanbesolved
in eithersteady-stater transientmode.In addition they aresinglephysicsandtheir solutionsare
smooth

3.2.9 Observations & Strategies
Severalconclusioms have beendravn from our review of the SandiaPDE ervironment:

1. A wide rangeof physicsare simulatedby a variety of method incorporatingboth linear
and nonlinearsolvers. An increasingnumberof complex design,control, and inverson
problemsjnvolving alarge numberof designéontrol/inversion parameterslemancefficient
optimizationmethods.

2. Mostof thecritical Sandiasimulationcodesrunin parallelandthusnew optimizationalgo-
rithmsneedto be designedwvith large-scalgarallelismin mind.

3. The predominanprogramminganguages C++; we stronglysupportthe continueddevel-
opmentof frameworks,algorithns, andtoolsin C++.

4. High-fidelity, multi-physicssimulatbnsarecrucialto solve Sandias scienceandengineering
problems. The initial stepto createa multi-physics capability is to use explicit solvers.
However, asdiscusse@bove, thiscreateslifficultiesfor a SAND optimizationmethod.Thus
theuseof implicit methodseedgo be explored.

5. Transientsimulation dominateghe problemspaceat Sandisaand SAND optimizationmeth-
odsfor transienfproblemsneedto beinvestigated.

6. Individualforwardsimulatorsarebeingconsolidatednto two principalframevorks,namely
SIERRAandNevada.Optimizationmethodsandinterfacesneedto be consideredspartof
theseframenorks.

Althoughimplementhg PDECOrequiresa customdesignandanindividualapproacho each
simulation code,it hasbeenour goal to develop methods algorithns, and framewnorks that can
be leveragedin other PDE simulation codes. Assumirg that sensitvity information is available
from the simulaton codesandthe simuation codeconformsto the SAND assumptns,we have
developed a framework called rSQP++that can be interfacedwith mostcodes. The strengthof
this state-of-arbbjectorientedcodeis thatalgorithns canbe modifiedvery quickly to adaptto the
needsof the optimizationproblem.In addition,we have interfacedthis codeto a PDE prototypng
code (Sundance}o that algorithmscan be easily testedfor a rangeof PDE systems. The next
few chaptersarededicatedo describingthe rSQP++framewvork, Sundanceanda full-spaceSQP
methodthatrelieson solvingquadratigorograms.
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Chapter 4

rSQP++ Framework

Describedhereinis a new object-orientedOO) framework for building successie quadraticpro-
grammingAlgorithms, calledrSQP++,currentlyimplementedn C++. The goalsfor rSQP++are
quitelofty. TherSQP++ramework is designedo incorporatemary differentSQPalgorithmsand
to allow externalconfigurationof specializedinear algebraobjectssuchasvectors,matricesand
linearsolvers.Data-structurendependenckasbeernrecognizecsanimportantfeaturemissirg in

currentoptimization software[123]. In addition,it is possibé for anadvanceduserto modify the
SQPalgorithns to meetotherspecializecheedswvithout having to touchary of thedefault source
codewithin therSQP++ramawork.

Successie quadratiqprogramming SQP)methodsareattractve mainly becaus¢hey generally
requirethefewestnumberof functionandgradientevaluatonsto solve a problemascomparedo
otheroptimizationmethodg4105|. Anotherattractve propertyof SQPmethodss thatthestructure
of theunderlyirg NLP canbe exploited moreeffectively thanothermethodq118]. A variationof
SQPR known asreduced-spac8QP (rSQP),workswell for NLPs wheretherearefew degreesof
freedom(dof) (seeSectiord.1.1)andmary constraintsQuasi-Netonmethoddor approximating
the reducedHessianof the Lagrangianare alsovery efficient for NLPs with few dof. Another
advantageof rSQPis thatthe decompodion usedfor the equalityconstraintonly requiressolves
with a basisof the Jacobiar(andpossiblyits transposedf the constraint{seeSection4.1.3).

4.1 Mathematical Background for SQP

4.1.1 Nonlinear Program (NLP) Formulation

The SQPalgorithns implementedwith rSQP++solve NLPsin the standardorm:

40



min  f(z) (4.1.1)
st c(x)=0 (4.1.2)
2 Sz <2y (4.1.3)

where:
T, 2, cy € X
flz): X >R
clx): X =>C
X CR"
CCR™

Above,we have beenvery carefulto definevectorspacedor therelevantvectorsandnonlinear
operatorsln generalonly vectorsfrom the samevectorspacearecompatibleandcanparticipate
in linear algebraoperations.Mathemattally, the only requiremenfor the compatibilty of real-
valuedvectorspaceshouldbethatthe dimensonsmatchup andthatthe sameinnerproductsare
used. However, having the samedimensiomlity will not be sufficient to allow the compatilility
of vectorsfrom differentvector spacedn the implementation. The vector spacesbecomevery
importantlaterwhenthe NLP interfacesandthe implementabn of rSQP++is discussedn more
detail (seeSectiond.2.3.2).

We assumehatthe operatorsf (x) andc,(z) for j = 1...m in (4.1.1)—(4.1.2 arenonlirear
functionswith atleastsecond-ordecontinuos derivatives. The rSQPalgorithmsdescribedater
only requirefirst-orderderivative informationfor f(z) andc;(z) in theform of avectorV f(z) and
amatrix Ve(x) respectrely. Theinequaliy constraintsn (4.1.3)may have lower boundsequalto
—oo and/orupperboundsequalto +o0o0. The absencesf someof theseboundscanbe exploited
by mary SQPalgorithrrs.

It is very desirablefor the functions f(z) andc(x) to at leastbe defined(i.e. no NaN or Inf
returnvalues)everywheren the setdefinedby therelaxedvariableboundsr;, — 0 < z < xy + 6.
Here,o (seethemethodmaxvar _bounds viol()  intheNLP interfacein Section4.2.3.2)is a
relaxation(i.e. wiggle room)thatthe usercansetto allow the optimizationalgorithmto compute
f(z), c(x) andh(z) outsde the strict variableboundsz; < z < zy in orderto computefinite
differencegndthelike. The SQPalgorithnswill neverevaluatef (z) andc(z) outsidethisrelaxed
region. Thisis animporantissueto considewhendevelopingthe modelfor the NLP.

TheLagrangiarfunction L(\, v, vy) (andthe Lagrangemultipliers (A, vy, vy)) andits gradi-
entandHessiarfor thisNLP are
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L(z, \vp,vy) = {f(@)+Ac(z) +vi(zr —2) + v (z —zr)} € R (4.1.4)

V.L(z, A\, v) ={Vf(z)+Vc(x)A\+v} € X (4.1.5)
V2 L(z,\) = {VQf(a:)JrZA(j)v?cj(m)} e XX (4.1.6)
where:
Viz): X - X
Ve(z) = [ Ve (z) Ve(z) ... Vep(x) ] : X = X|C
Viei(z): X = XX forj=1...m
Aec

v=vy —vp € X.

Above, we usethenotation) ;) with the subscriptin parenthese® denotethe j th component

of the vectorandto differentiatethis from a simple mathaccent. Also, Ve(z) : X — X|C is
usedto denoteanonlinearoperator(thegradientof theequalityconstraintsVc(x) in thiscasehat
mapsfrom the vectorspaceX’ to a matrix spaceX’|C wherethe columnsandrows in this matrix
spacdie in the vectorspacest and( respectiely. The returnedmatrix objectA = Ve € X|C
definesalinearoperatomwhereq = Ap mapsvectorsfrom p € C to g € X'. Thetransposednatrix
objectA” definesalinearoperatowhereq = A”p mapsvectorsfromp € X toq € C.

Note how the vectorand matrix spacesn the above expressionsnatchup. For exampk, the
vectorsandmatricesn (4.1.5)canbereplacedoy their vectorandmatrix spacess

{Vix)+Ve(x)A+v}=>{X+(XIC)C+X} = X.

The compatibilty of vectorsand matricesin linear algebraoperationss determinedby the
compatibilty of the associatedrector spaces. At all times, we mustknow to which vector or
matrix spacea linearalgebraguantitybelongs.

Given the definition of the Lagrangianand its derivativesin (4.1.4)—(4.1.6),the first- and
second-ordenecessarKKT optimality conditiors [80] for a solution (z*, \*, v}, v;;) to (4.1.1)—
(4.1.3)aregivenin (4.1.7)—(4.1.8). Therearefour differentcategoriesof optimality conditions
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shavn here: linear dependencef gradients(4.1.7),feasibility (4.1.8)—(4.1.9)hon-ngaivity of
lagrangemultipliers for inequalities(4.1.10), complementarity(4.1.11)—(4.1.12)and cunature
(4.1.13).

Vo L(z", X", v") = Vf(z") + Ve(z") A" + " =0 (4.1.7)
c(z®) =0 (4.1.8)

zr, < 2" <y (4.1.9)

(ve)", (vy)* >0 (4.1.10)

()i (@) — (2%)@) =0, fori=1...n (4.1.11)

()i (%)@ — (2v)@) =0, fori=1...n (4.1.12)

d* V2 L(z*,\*)d >0, for all feasibledirectionsd € X. (4.1.13)

Sufficient conditionsfor optimality requirethat strongerassumptias be madeaboutthe NLP
(e.g.constraintqualificationon ¢(z) andperhapsconditionson third-ordercurvaturein case0 is
obtainedn (4.1.13)).

To solve a NLP, a SQPalgorithmmustfirst be suppledaninitial guesgor the unknavn vari-
ablesz, andin somecaseslsothe Lagrangemultipliers \q andv,. The optimizationalgorithis
implementedin rSQP++generallyrequirethatz, satisfythevariableboundsn (4.1.3),andif not,
the elementsof z, areforcedin bounds. The matrix V¢(z) is abstractedehinda setof object-
orientedinterfaces.TherSQPalgorithmonly needso performmatrix-vectormultiplication with
Ve(z) andsolve for a square nonsingilar basisof V() througha Basi sSyst eminterface.
Theimplementatn of V¢(z) is completelyabstractedway from the optimizationalgorithm A
simpler interfaceto NLPs hasalsobeendevelopedwherethe matrix Ve(z) is never represented
even implicitly (i.e. no matrix-vector products)and only specificquantites are suppliedto the
rSQPalgorithm(seethe “Tailored Approach”in [104] andthe “direct sensitvity” NLP interface
onpage69).

4.1.2 Successie Quadratic Programming (SQP)

A popularclassof methoddor solvingNLPsis successie quadratigprogramming SQP)[26].
An SQPmethods equialent in mary casesto applyingNewton’s methodto solve the optimality
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conditiorsrepresentebly (4.1.7)—(4.1.8) At eachNewtoniterationk for (4.1.7)—(4.1.8 thelinear
subproblen{alsoknown asthe KKT systen takestheform

wWw A
AT

d]::—[VGL] (4.1.14)

d)\ C

where:
d=xky1 —xp € X
dyx =M1 — M €C
W~ V2 L(zg, \p) € XX
A =Ve(xg) € X|C
c=c(zy) € C.

The Newton matrixin (4.1.14)is known asthe KKT matrix. By substiutingd, = A\x11 — M
into (4.1.14)andsimgifying, this linear systembecomesquiaent to the optimality conditians
of thefollowing QP

min  g"d+ hd"Wd (4.1.15)
st. ATd+c=0 (4.1.16)
where:

g=Vf(zx) € X.

The advantageof the QP formulation over the Newton linearsystemformulationis that in-
equalityconstraintcanbe directly addedto the QP anda relaxationcanbe definedwhich yields
thefollowing QP

min  g"d+ Jhd"Wd + M(n) (4.1.17)
st. ATd+(1-n)c=0 (4.1.18)
rr — 2 < d < xy — 28 (4.1.19)
0<n<1 (4.1.20)
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where:
M) € R—R.

Nearthesolutionof theNLP, thesetof active constraintgor (4.1.17)—(4.1220)will bethesame
astheoptimal active-setfor theNLP in (4.1.1)—(4.1.3]85, Theoreml18.1].

The relaxationof the QP shown in (4.1.17)—(4.1.20)s only oneform of a relaxationbut has
theessentiapropertiesNotethatthe solutionn = 1 andd = 0 is alwaysfeasibleby constructon.
The penaltyfunction M (n) is eithera linear or quadraticterm whereif al‘g—é")\ﬂzo is sufficiently
large thenan unrelaxed solution (i.e. n = 0) will be obtainedif a feasibleregion for the original

QP exists. For example,the penaltyterm may take a form suchas M (n) = (M)n or M(n) =
(M)(n + Y%n?) whereM is alarge constanbftencalled“big M.”

Oncea new estimateof thesolution (x4 1, Ak+1, Ykr1) IS cOmputedtheerrorin theoptimality
conditiors (4.1.7)—(4.1.9)s checled. If theseKKT errorsarewithin somespecifiedtolerance,
the algorithmis terminatedwith the optimal solution. If the KKT error is too large, the NLP
functionsand gradientsare then computedat the new point z,; and anotherQP subprobém
(4.1.17)—(4.1.2pis solved which generatesnotherstepd andsoon. This algorithmis continued
until a solutionis foundor thealgorithmrunsinto trouble(therecanbe mary causedgor algorithm
failure), or it is prematurelyterminatedbecauset is takingtoo long (i.e. maximun numberof
iterationsor runtime is exceeded).

The iteratesgeneratedrom z,,, = x; + d aregenerallyonly guaranteedo corverge to a
local solution to the first-orderKKT conditionswhen closeto the solution Therefore,global-
ization methodsare usedto insure(given a few, sometimesstrong,assumpbns are satisfied)the
SQPalgorithmwill corverge to a local solution from remotestartingpoints. One popularclass
of globalizationmethodsarelinesearchmethods In a linesearchmethod,oncethe stepd is com-
putedfrom the QP subproblema linesearchprocedures usedto find a steplength« suchthat
Tr+1 = T + ad givessufiicient reductionin the value of a meritfunction ¢(zx41) < ¢(xx). A
merit functionis usedto balancea trade-of betweerminimizing the objective function f(x) and
reducingtheerrorin theconstraints:(x). A commonlyusedmeritfunctionis the ¢, definedby

¢e () = f(z) + plle(2)]]; (4.1.21)

wherey is apenaltyparametethatis adjustedo insuredescentlongthe SQPstepz . + ad for
a > 0. An alternatve linesearchbasedon a “filter” hasalsobeenimplementedvhich generally
performsbetterand doesnot requirethe maintenanceof a penaltyparametern: [122] . Other
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globalization methodssuchastrustregion (usinga meritfunctionor thefilter) canalsobe applied
to SQP

BecauseSQPis essentiallyequiaent to applying Newton’s methodto the optimality condi-
tions,it canbeshovn to bequadraticallycorvergentnearthesolution of theNLP [84]. It is thisfast
rateof corvergencethatmakes SQPthe methodof choicefor mary applications However, there
aremary theoreticalndpracticaldetailsthatneedto be consideredOnedifficulty is thatin order
to achiere quadraticcornvergencetheexactHessiarof theLagrangianV is neededywhichrequires
exactsecond-ordeinformation V2 f(z) andV¢;(z), j = 1...m. For mary NLP applicatiors,
secondderivativesare not readily available andit is too expensve and/orinaccurateo compute
themnumerically Otherdifficultieswith SQPincludehow to dealwith anindefiniteHessianl¥’.
Also, for large problemsthe full QP subproblemn (4.1.17)—(4.1.2Dcanbe extremelyexpensve
to solve directly. Theseandotherdifficultieshave motivatedtheresearclof large-scaledecompo-
sition methodsfor SQP One classof thesemethod is reduced-spacéor reduced-HessiarBQR
or rSQPfor short.

4.1.3 ReducedSpaceSuccessie Quadratic Programming (rSQP)

In a rSQP method,the full-spaceQP subprobém (4.1.17)—(4.1.20)s decomposedhto two
smallersubproblera that, in mary cases,are easierto solve. To seehow this is done,first a
null-spacedecompositin [85, Section18.3]is computedor somelinearly independensetof the
linearizedequalityconstraintsd, € X|C; wherecy(z) € C; € R ™ arethedecomposednd
cu(z) € C, € R ™) aretheundecomposedqualityconstraintsand

c(z) = [ Cd(x; ] € CyxCy == Ve(xp) = Vea(zr) Veyu(zy) i| = [ Ay A, i| € X|(CqgxCy).

culT
(4.1.22)
Above, the vector spaceC = C; x C, denotesa concatenatedector space(alsoknown asa
productof vector spaces)with a dimenson which is the sum of the constitient vector spaces
IC| = |Cq| + |Cu| =7+ (m — 1) = m. Thisdecomposion is definedby a null-spacematrix Z and
amatrix Y with thefollowing properties:

7 € X|Z st(A)TZ=0

: : (4.1.23)
Y € XY st [ Y Z] is nonsirgular
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where:

It isimportantto distinguishthespacesZ and) fromthethematricesZ andY'. Thenull-space
matrix Z € X|Z is alinearoperatorthatmapsvectorsfrom thespacex € Z to vectorsin the
spaceof theunknowvnsv = Zu € X'. ThematrixyY € X|Y is alinearoperatoithatmapsvectors
from thespaceu € )Y tovectorsin thespaceof theunknavnsy = Yu € X.

In mary presentationsf reduced-spac8QR the matrix Y is referredto asthe “range-space”
matrixsinceseveralpopularchoicesof thismatrixform abasisfor therangespaceof A,. However,
notethatthe matrix Y neednot be a true basismatrix for the rangespaceof A, in orderto satisfy
thenonsinglarity propertyin (4.1.23).For thisreasonherethematrix Y will bereferredto asthe
“quasi-range-spaceahatrix to make this distinction.

By using(4.1.23) thesearctdirectiond canbebrokendownintod = (1—7)Yp,+Zp,, where
py € Y andp, € Z aretheknown asthequasi-norma(or quasi-rangespacepndtangentialor
null space)stepsrespectiely. By substititingd = (1 — n)Yp, + Zp, into (4.1.17)—(4.120) we
obtainthe quasi-norma(4.1.24)andtargential (4.1.25)—(4.127) subproblers. In (4.1.25),( < 1
is adampingparametewhich canbe usedto insuredescentf themeritfunction¢(zy,1 + ad).

Quasi-Normal (Quasi-Range-Spacepubproblem

py=—R'cg €Y (4.1.24)
where:R = [(4,)TY] € €4 (nonsinguér via (4.1.23)).

Tangential (Range-Spacg Subproblem (Relaxed)

min  (¢"+ Cw)"p. + op; [Z"W Z)p. + M (n) (4.1.25)
st. Up,+(1—nu=0 (4.1.26)
b, < Zp, — (Ypy,)n < by (4.1.27)
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where:

g =72% € Z
w=Z"WYp, € Z
¢ eR

U.=[(A)7Z] € Cu|2
Uy = [(A)TY] € CJY
u=Uypy+c, € Cy

bp =2 —2,—Yp, € X
by =2y —xr — Yp, € X.

By usingthis decomposibn, the Lagrangemultipliers A\, for the decompose@quality con-
straints((44)" d + ¢, = 0) donotneedto becomputedn orderto producestepsd = (1 — 7)Y p, +
Zp,. However, thesemultipliers canbe usedto determinethe penaltyparamete for the merit
function [85, page544] or to computethe Lagrangianfunction. Alternatively, a multiplier-free
methodfor computirg 1 hasbeendevelgped andtestedwith goodresults[104]. In ary case,it
is usefulto compue thesemultipliers at the solutionof the NLP sincethey give the sensitvity of
the objectie functionto thoseconstraintg80, page436]. An expressio for computng A4 canbe
derivedby applying(4.1.23)to YIV L(x, ), v) toyield

A=-RT YT (g+v)+ (U)"\) € Ca (4.1.28)

Therearemary detailsthatneedto bewo